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ABSTRACT. Let D and J be integral domains such that D C J and J[[X]] is not
algebraic over D[[X]]. Is it necessarily the case that there exists an integral domain
R such that D[[X]] Cc R C J[[X]] and R = D[[X]N[{ Y;};=,]]? While the general
question remains open, the question is answered affirmatively in a number of cases.
For example, if D satisfies any one of the conditions (1) D is Noetherian, (2) D is
integrally closed, (3) the quotient field K of D is countably generated as a ring over
D, or (4) D has Krull dimension one, then an affirmative answer is given. Further,
in the Noetherian case it is shown that J[[X]] is algebraic over D[[X]] if and only if
it is integral over D[[X]] and necessary and sufficient conditions are given on D
and J in order that this occur. Finally if, for every positive integer n,

D[X,,...,X,lc R c J[X,,...,X,]] implies that R =
D[[Xy, ..., X,JM{Y;} ]l then it is shown that J[[X,, ..., X,]] is algebraic over
D[[X,, ..., X,]] for every n.

1. Introduction. Throughout this paper D and J denote integral domains (with
identity) having quotient fields K and L, respectively, and such that D C J. If
L = K we say that J is an overring of D. In the case when J = K Gilmer has
shown in [2] that J[[X]] is an overring of D[[X]] if and only if N2 ,(a;) # (0) for
each subset {q;}:2, of nonzero elements of D. Sheldon has shown in [5] that if a is
a nonzero element of D such that N2 (a‘) = (0) and if J = D[1/a], then the
quotient field of J[[X]] has infinite transcendence degree over the quotient field of
D[[X]] (hereafter we will call this the transcendence degree of J[[X]] over D[[X])).
Thus, if J = D[1/a] then either J[[X]] is an overring of D[[X]] or has infinite
transcendence degree over D[[X]]. Motivated by these results, Arnold and Boyd
asked in [1] whether this is the case for an arbitrary overring J of D. A simple
example is given in [1, Example 1.2] of a domain D with characteristic p % 0 and
an overring J of D such that (J[[X]])’ C D[[X]] but J[[X]] is not an overring of
D[[X]]. Thus, if D has characteristic p # 0 the appropriate question is whether
either J[[X]] has infinite transcendence degree over D[[X]] or there exists a
nonnegative integer m such that (J[[X]])’" is contained in the quotient field of
D[[X]]. This led, in [1], to the consideration of the equivalence of statements
(a)—(d) below. Statement (e) is included for future reference.

(1.1) In each of the following statements J is an overring of D, D* = D \ (0), and p
is the characteristic of D if D has nonzero characteristic, while p = 1 if D has
characteristic zero.
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(a) For each subset {§}72 | of J there exists a nonnegative integer m and an element
d in D* such that d§P" € D for each i.

(b) There exists a nonnegative integer m such that (JI[XT)Y" C (D[[X1])p--

(c) J[[X]] is algebraic over D[[X]].

(d) J[[X 1] has finite transcendence degree over D[[X]).

(¢) If R is an integral domain such that D[[X]]Cc R CJ[[X]], then R =
DX Y,)32]) via a D[[X]|-isomorphism.

In general the implications (a) «> (b) — (c) — (d) hold [1, Proposition 2.1] and it
is shown in [1] that conditions (a)-(d) are equivalent if D is Noetherian [1,
Theorem 2.5], if D is root closed [1, Theorem 1.6), if K is countably generated as a
ring over D [1, Theorem 2.4], or if J is a quotient overring of D [1, Theorem 1.10].
Whether (a)-(d) are equivalent in general is an open question. In this paper we
wish to remove the assumption that J is an overring of D and, since clearly
(d) — (e), we wish to strengthen the basic question asked in [1] to the following. Is
it the case that either J[[X]] is algebraic over D[[X]] (in some “nice” way) or there
exists an integral domain R such that D[[X]] Cc R C J[[X]] and R =
D[[X{Y;}=.]1? To be more specific, we ask whether statements (1)—(5) below
are equivalent.

(1.2) In each of the following statements D* = D\ (0), K, is the maximal,
separable extension of K in L, and p is the characteristic of D if D has nonzero
characteristic while p = 1 if D has zero characteristic.

(1) L is algebraic over K, [Ky: K] is finite, and if Dy is any integral domain such
that D C Dy CJ and D, has quotient field containing K, then for each subset
{&}72, of J there exists a nonnegative integer m and a nonzero element d in D such
that d¢P” € D, for each positive integer i.

(2) There exists a nonnegative integer m and a finite integral extension D, = D[0]
of D such that K, = K(8), Dy has quotient field Ko, Dy C J, and (J[[X])" C
(Dol[ XD ps- If Ky = K we can take D = D,,.

(3) JI[X]) is algebraic over D[[X]]-

(4) J[[X 1] has finite transcendence degree over D[[ X ]].

(5) If R is an integral domain such that D[[X]] C R C J[[X]] then R =
D[ XNI{ Y.} ]l via a D[[ X ]]-isomorphism.

§2 is devoted primarily to the proof of the key result of this paper, Theorem 2.1,
which gives necessary conditions in order that (5) of (1.2) hold. In §3 it is shown
that (1) & (2) - (3) —» (4) — (5) and sufficient conditions are given on D and J in
order that (1)—(5) be equivalent. In particular, (1)—(5) are shown to be equivalent if
D is Noetherian (Theorem 3.9), if D is integrally closed (Theorem 3.10), if the
quotient field K of D is countably generated as a ring over D (Theorem 3.11), if D
has Krull dimension one (Theorem 3.12), or if J is a quotient overring of some
finite integral extension of D (Theorem 3.14). In [3] Gilmer obtains necessary and
sufficient conditions on the fields K and L, with K C L, in order that L[[X]] be
integral over K[[X]]. Theorem 3.9 shows that if D is Noetherian, then J[[X]] is
algebraic over D[[X]] if and only if it is integral over D[[X']] and the necessary and
sufficient conditions established by Gilmer in [3] are extended to this case. The
basic question remains open.
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(1.3) Open question. Are conditions (1)—(5) of (1.2) equivalent?

We conclude §3 by proving, in Theorem 3.17, that J[[X,, ..., X,]] is algebraic
over D[[X,,...,X,]] for every positive integer n if and only if, for every n,
D[[X,,...,X,]lC R CJ[[X,, ..., X,]] implies that

RaD[[X,.. .. X][[(¥)z]]-

Throughout the paper D* = D \ (0), K, denotes the maximal, separable exten-
sion of K in L [6, p. 123}, and p denotes the characteristic of D if D has nonzero
characteristic while p = 1 if D has characteristic zero. If L/K is algebraic then
L /K, is purely inseparable and we say that L has finite exponent over K if there
exists a nonnegative integer n such that L?" C K, [6, p. 123].

For a commutative ring R, R[[X]] denotes the power series ring over R. If
f=32,rX" € R[[X]] then the order of f, denoted o(f), is the smallest integer n
such that r, # 0. If I is an indexing set we write Y; (or Y if I is understood) to
denote the set {Y;},c,; of analytic indeterminates over R and R[[Y,]] denotes the
full power series ring in these indeterminates. (In the notation of [4, p. 10], R[[Y,]]
denotes the ring R[[{Y;};c,])s) If A(J) = @D ,c; S;, where each S, is the additive
semigroup of nonnegative integers, and if ;: A(J) — S, is the canonical projection,
then for a € A(J) we set Y/ = I1 ;¢ i a0y Y7® and we write f = 3, o5y 7, Y t0
denote an arbitrary element of R[[Y,]]. We are interested only in the case when 7 is
countable. In this case suppose that D C J and let § = {f},c, be a subset of
XJ[[X]] such that { f; € F|o(f) < k} is finite for each positive integer k. Then the
correspondence Y; — f; determines a unique D[[X]]-homomorphism ¢: D[[X ][ Y,]]
— J[[X]] and we write D[[X])[[#]] to denote the image of ¢. We use w to denote
the set of positive integers. Thus, in (5) of (1.2) we have D[[X][{Y;}i=]] =

i=1
DIXTY ]I

2. Main theorem. In §3 we will give several conditions under which (1)-(5) of
(1.2) are equivalent. In view of Proposition 3.7 it will suffice to show that (5) — (1)
and our first result, Theorem 2.1, is the key result in this direction, for it gives
necessary conditions in order that (5) of (1.2) hold for the domains D c J. For
later convenience we actually state and prove Theorem 2.1 in the more general
setting in which the domains 4 C B satisfy (5) of (1.2), 4 C D and J = D[B]. In
the statement and proof of Theorem 2.1 {v,};_, is a sequence of positive integers
defined as follows. First let {»;|i > 1, > i} be a set of positive integers such that
> Ly >k(U+2, . v)fork > 1,and v, =35, ,»_, fori> 1. For
each k > 1 we set v, = v,

THEOREM 2.1. Let A and B be integral domains such that A C B and for each
integral domain R such that A[[X]] C R C B[[X]] assume that R = A[[X]|[[Y_]] via
an A[[X]]-isomorphism. Let D and.J be integral domains with quotient fields K and
L, respectively, and suppose that A C D C J and J = D[B). If K is the maximal
separable extension of K in L then L is algebraic over K, L/ K, is purely inseparable
with finite exponent, and [Ky: K] is finite. Further, if D is any integral domain with
quotient field containing K, and such that D C Dy C J then for each subset {£}3., of
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B there exist integers n > 1 and m > 0 and a nonzero element d in D such that for
each k > 1, d&f” is a polynomial in DJ¢F", ..., &8 ] with total degree not more
than p™y, ., in &7, ... &7 .

In proving Theorem 2.1 we let {£};2, be a subset of B and define a set

= {f}32, C A[{§}:2,[X]] such that o(f) > i. By assumption the homomor-
phlsm ¢ A[[XMI Y, )] — AIXN[F]] defined by ¢&(Y,) = f; is not an isomorphism.
Therefore, there exists a nonzero power series G(Y) in A[[X]][[Y_]] such that
G(%) = 0. In G(%) we wish to examine the coefficients of selected powers of X and
thus obtain polynomial equations in the . In order to simplify the description of
the desired coefficients we first reduce, via Lemma 2.2 and Corollary 2.3, to the
case in which we have a single element f € A[{{;}72,][[X]] and a nonzero power
series H(Y) in A,[[Y]], where A4, is an appropriate extension of A[[X]], such that
H(f)=0.

In order that we may simultaneously consider the casesp = 1 and p > 1, in our
next result, Lemma 2.2, we consider a situation somewhat more general than that
described above. Namely, for each positive integer i, let %, be a countable (perhaps
finite) subset of XB[[X]] indexed by the set A,. Set ¥ = U 2, %, A= U2, A,
and for each positive integer k let F,, = U ,"_, 5,50 =U2,.%, Ay =
Uk, A, and A® = U 2,,, A We further assume that {f € F| o(f) <k} is
finite for each positive integer k.

LEMMA 2.2. Let A, be an integral domain such that A[[X]] C A, C B[[X]] and let
G(Y) = Z,cn@) 9 Y be a nonzero element of A\[[Y,]] such that G(%) =0. Then
there exists an integer t and a nonzero power series H(Y) = Zgepa, bﬁ in
AT ONLY ) such that H(F,) = 0. Further, if p > 1 and my(a) < p for each A € A
and for each a € A(A) such that a, # 0, then m\(B) <p for each A\ € A, and for
each B € A(Q,) such that by # 0.

PROOF. Choose a, so that o(a,) = min{o(a,)| a € A(Q)}. Since G(F) = 0 we
have o(ag) = o(-Z 4 papn© % *)- But o(f) > 1 for each f € ¥ so it follows that
a, # 0. Let s be a positive integer such that m\(ay) = 0 for each A € A® and write
G(Y) =Z,crn,)& Y € AllYaollllY, )] Let v, € A(A,) be such that m\(y,) =
my(ao) for each A € A ). If we write g =X a0 d,Y" € A|[[Y0]] then dy = a,
and for n € A(A®) each nonzero d, is one of the coefficients a, of G(Y). If

2,(F ) =0 then dy = -2, c y a0 d (T ) and since o(f) > 1 for f € T this
contradlcts that o(dp) < o(d,) for each nonzero d,. Therefore g (¥ (F9) 050 if we
set ¢, = g () for each y € A(A,) then we obtain a nonzero power series
G((Y) = 2Z,ern,) Y € AT O Y, ]l such that G(%) = 0. Clearly, if p > 1
and m,(a) <p for each A € A and for each a € A(4) such that g, # 0, then
m\(y) <p foreach A € A, and for each y € A(4,)) such that ¢, # 0.

The existence of G, allows us to choose a minimal subset {t,,...,¢} of
{1, ...,s} for which there exists a nonzero power series H,(Y) =
zyeA(A,lu ~-ua,) G Y7 in A,[[F Ol YA,IU UA,,]] with HI(G‘};,’ s 9}") = 0. Fur-

ther, we assume H,(Y) is chosen so that if p > 1 then = (y) <p for each
AEA, U - UA, and for each y € A(4, U - - - UA)) such that ¢, # 0. If we
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write. H((Y) = Zgcpq, )hﬂYB E AT, v, u---us Y, ]I then hg 0 for

some B € A(4,) and by choice of {i,.. t} hﬁ(J, se-e> %) #0. Thus, if
= hg(%,,...,9,) for each B € A(A ) then H(Y) = EBGA(A ) bﬁY €
A [F©, F G' . ]][[ Yyl c AT 10 YA 1 is a nonzero power series such

that H(%, ) =0. Agaln it is clear that ifp>1 then m(B) <p for each A € A, and
for each ,B € A(4,) such that bg # 0.

COROLLARY 2.3. Let & = { £}, be a subset of XB[[X]] such that o(f) > i for
each i. If there exists a nonzero element G(Y) in A[[X[Y ]| such that G(%) =0
then there exist integers s > 0 and t > 1 and a nonzero element H(Y) in
A[lX, {j}"j|j =sandi>torp > 1andj > s}|[Y]] such that H(f*") = 0. Further,
if p > 1 then H(Y) is a polynomial with degree less than p.

PrOOF. We first consider the case p = 1. Thus, we wish to establish the existence
of an integer ¢ and a nonzero element H(Y) in A[[X, {f};=, ][ Y]] such that
H(f) = 0. This is an immediate consequence of Lemma 2.2 with &, = {f;} for
eachi > 1

Now assume that p > 1 and suppose the notation is such that 0 = G(%) =
&(G(Y)) where ¢: A[[X[Y, )] — A[[X][¥]] is the homomorphism such that
¢(Y,) = f; for each i € w. For each positive integer n we can, by the division
algorithm, write n uniquely in the formn = ny + n;p + - - - +np* where 0 < n;
<p.Thus Y = Y o(YP)" - - (Y"")”* and we define a nonzero element G,(Y) in
A[[XM Y, ] by replacmg Y in G(Y) with Y- - - Y%, ,. For each positive
integer j set ¥ = { f”' },,,, and, changing the notation established in the
corollary, let '5" = U2, 9. If o2 A[XNMIY, x,]1 > A[X][F]] is defined by
$(Y,) = f’“ then $(G) = $,(Gy) = Gy(5) = 0. Further, if Gy(Y) =
2 e rwxwa Yox, then my(a) < p for each A € w X w and for each a € A(w X w)
such that g, # 0. By Lemma 2.2 there exists an integer s > 0 and a nonzero power
series H(Y) = Sgcne bpY? in AILX, (7'}, ]l Y]] such that H(%,,,) =0
and such that 7;,\( B) <p for each A € w and each B € A(w) such that bz # 0. Set
A, = A[[X, {f¥ }J s+1]), for each positive integer i let &/ = { 7'}, and set ¥’ =
U2, 9 ={fF },=| By Lemma 2.2 there exists a positive integer ¢ and a nonzero
element H(Y) =32, ¢, Y in A,[[{ 7'}, [ Y]] such that H(f’)=0and i <p
if ¢; # 0. This completes the proof of Corollary 2.3.

In our next two results, Lemma 2.5 and Corollary 2.7, we examine the coeffi-
cients of selected powers of X in an expression of the form H(f) = 0. Specifically,
let H( Y) =32 ,a(X)Y' be in 4,[[Y]] where A[[X]] C 4, C B[[X]] and where
a(X) = OyyXf for eachi > 0. Set f = 272, §; X" where {{},_, is a subset of B
and where {»,}7~, is a sequence of positive integers such that », >¢ > 1 and
v, > k(1 + ZX2v)) for k > 1. For a positive integer n let k, < - - - <k, be a
sequence of integers such that k; > and for 1 <j<nsetpy =y +--- + .
In Lemma 2.5 we consider the coefficient of X* in H(f).

If g(X)=23%,bX" and if a is a nonnegative integer then 8(ay denotes the
truncation X¢_, b, X" " of g. The following observation is easily proved by induction
on k (cf. [1, 3.2]) and will be useful in the proof of Lemma 2.5.
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(2.4) If a and B are integers with t < a < B then for each positive integer k we can
write
Sloy =Sl + 8 + KX (5" + h
where o(h) > vg + vy, 8=0if a=B—-1,0(8) 2v,,, if a<B—1and g €
D[S, ..., §p-1llX].
We note that Lemma 2.5 is a slightly altered version of Lemma 3.1 of [1] and our
proof parallels that given in [1].

LEMMA 2.5. With notation as above let {k;}?_, be a fixed set of positive integers
such that t <k, < - - <k, and set p, = v, + - - - +v, . If ¢ is the coefficient of
X" in H(f) then ¢ determines polynomials {$,}7.o and {\,;}7Z¢ such that ¢ = ¢, and
the following conditions hold:

(D) For0<m<n,pyy = d,8  + ¥

(2) For 0<m<n, ¢, is a polynomial in A[{y,-j]O i<p, 0<j<yp,}
$i -+« §¢ ) and is independent of the choice of k,, , , . . . , k,.

(3) For 0 <m <n, v, is a polynomial in A[{y;|0 <i <y, 0<,< p,.\}
{,, -+« $x_, 1] which has total degree one in the y; and total degree not greater than

i the {

(4) 4)0 = n!yn,O'

ProOF. Let ¢, denote the coefficient of X*~ in a f°. If s > p, then o(f*) > p, so
¢,, = 0. Thus, we assume that 0 < s < p,. Clearly the coefficient of X*~ in H(f) is
¢, = ¥, ¢, so the lemma follows if we prove that each ¢, determines polynomi-
als {¢,;}7_o and {y,;}7_¢ that satisfy conditions (1)-(3) and have the property that
¢,0 =0 if s #n while ¢, = n'y,, For the remainder of the proof we are,
therefore, interested only in the coefficient of X"~ in a f*. Thus, we fix s and drop it
from the notation ¢; and ;. The following result will simplify the process of
describing the polynomials {¢;}7.o and {{;}72g.

(26) For s<nandn—s<m<nand fors >nand 1 <m < n set P (X)=
@)l 1/ (s = n + D™ A m < n then P, (X) = Qu(X) +

P (X)§ , X"+ + H,(X) where o(H,) > p,,, and Q,(X) has coefficients in
Al{yg}izs' S - - 5 8k, 1] with total degree one in the y; and total degree not
greater than u, in the §;.

To prove (2.6) suppose that m < n. By assumption we have P, ,(X) =
(@), M(s!/(s = n+ m + DY f5-737*"] and by (2.4) we can write fo_ 73"+ ! =
fogtm™l +g+t(s—n+m+ 1)§km “mefiy ™ + h where o(h) S Vk,,,*. +

Ve w1 0(8) 2 ¥ 4> and g € D[, ..., §,(MI_,][X]. Making this substitution for
’km:'S"'“ in P,,,(X) we may write P, (X) = Q,(X)+ P, (X){ A X'm+: +
H,(X) where Q,,(X) = (a,),_, [(s!/(s = n + m + DH(fo 7+ + g)] ‘and
P+
H,(X)= ( > y:jX/)[(s!/ (s—n+ m)!)g'km”X”*m ‘(k")"""]
J=pm+1
+ (@), o[ (5!/ (s — n+ m + 1)))h].
Nowo(h) >y + v 41 >p + Sk v, Syt iy = Py andp, +

L+ v >+ ¥ = lyer 50 0(H,) > p, . Our hypothesis on g implies that
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0,,(X) has coefficients in A[{y;}fme, §,, - - -, §i_, —1] With total degree one in the
vy and total degree s — n + m + lin the {;. Buts —n+ m + 1 <s < p, and the
proof of (2.6) is complete.

By assumption », ., > (k, + D[1 + Sk, v] > , so in determining the coeffi-
cient of X" in af it suffices to consider (a,), ,fi, = P,(X); that is, ¢, is the
coefficient of X#»in P(X).If s <nandn —s<m<norifs>nand1 <m<n
then let ¢,, denote the coefficient of X*~ in P, (X). It is an immediate consequence
of (2.6) that ¢, = ¢,,$x ,, + ¥, where ¢,{,  is the coefficient of X#~+' =
X#m*nrin P(X)§;  X"™n+1 and ¥, is the coefficient of X*»+1 in Q,(X). Thus,
(1) of Lemma 2.5 is satisfied by the polynomials ¢,,, ,, ¢,,, and ¢,,. If m < n then
P, (X) is clearly independent of the choice of k,,,, |, . . ., k, and, hence, so is ¢,,. It
is straightforward to see that ¢,, € D[{y }fzo, §,» - - -, § ] s0 (2) of Lemma 2.5
holds. That (3) holds for the polynomials v, is immediate from (2.6).

If s <n we have determined polynomials {¢,}7.,_, and {y,}7Z}_, while for
s > n we have determined polynomials {¢,}7., and {y,}7Z} that satisfy (1)-(3) of
Lemma 2.5. If s < n and m = n — s then, by assumption, ¢, is the coefficient of
X#min P,(X) = s!(a,),,) Thus, we have ¢,_, = sly, . We take y,_,_, = ¢,_,,
¢, =0for 0<i<n-—sand =0 for 0<i<n—s— 1. If s >n then, by

assumption, ¢, is the coefficient of X*' in
Py(X) = (@) (s1/ (s = n + DODfs*].

By (2.4) we can write f3 "' = fo 21! + (s — n + D Xfg ") + h where o(h)
> 2y, >u. If s>n then o(X™fir”y) > v, +1>p =p so ¢ is the
coefficient of X" in (a), )[(s!/(s — n + DOfG, 2}“)‘] Thus, we set Yo = ¢, and
¢o = 0 and it is straightforward to see that (3) of Lemma 2.5 holds for .
Finally, if s = n then ¢, is the coefficient of X* in P\(X) = (a,), " f, =
(@) [ fk, -1y + $, X™] so we can write ¢; = nly, o, + Y, where y; is the
coefficient of X" in (a,) . n'fx,—1y- In particular, Yo € A[{y,}ite § - - 5§k, -1l
with total degree one in the y,; and total degree not greater than y, in the §;. We set
¢o = n!y,o and the proof of Lemma 2.5 is complete.

Let {{;}2, be a subset of B and for each positive integer n set &, = { g(X) =
=®, X% o(g) > n and for each i > ¢, a; € A[{, . . ., §;] with total degree n in
$hoen ). I g=3% aX €6, and h=32 BX¥ € &,, we say that
dommates g provided n, <n, and v > 25, N for i > max{s,1}. Set & =

2.6

n=1 n

COROLLARY 2.7. Let f(X) = 22, §X"' where v, >t > 1 and v, > k(1 + =2} »)
for k >t. Assume that G(Y) = 2, b,Y' is a nonzero element of
A[[X, {gIrerll[ Y]], where {q)\}rer is a countable subset of & such that each g,
dominates f and such that {q,|o(q,) < k} is finite for each positive integer k. Choose
n such that o(b,) = min{o(b,)};>, and if A has nonzero characteristic p assume that
we can choose n < p. If G(f) = O then there exists a positive integer ko >t and a
nonzero element d in A[S,, ..., & ] such that for k > ko, d§, is a polynomial in
A[S,, . .., §_ 1) with total degree not more than v, ,in §,, ..., 5 _,.
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PROOF. Let N = o(b,) = min{o(b;)}7>, where, by assumption, n <p if p > 1.
Since by = -2, b,f" and o(f) > 1 we have o(by) > N. Thus, for each i > 0 we
can write b, = %, y;X/*" where y; € B and y,,‘o # 0. If we set @, = b,/ X" =
SRy, X/ and H(Y) = G(Y)/X", then H(Y)=Z22,4,Y" and H(f) =0. We
apply Lemma 2.5 to H().

Let & denote the set of all sequences {k;}7., (where n is as chosen above) of
positive integers such that max{N, t} <k, < - - - <k,. For ¢ € S we denote by
{,9:)7—0 and {,y,}7Z, the collection of polynomials obtained as in Lemma 2.5 by
considering the coefficient of X*- in H(f), where p, = », + - - +»,. This
coefficient is necessarily zero so for each 0 € S we have ¢, = 0. Also, for each
06 ES, = nly,o by (4) of Lemma 2.5. Since n <p if p > 1, ,¢, # 0. Therefore
there exists a largest integer m, 0 < m < n, for which there is a sequence 7 =
{(k2)7_,in & with 0, # 0. By (2) of Lemma 2.5, ,¢,, is independent of the choice
of kS, 1, ..., k% thatis, if 6 = (K9, ..., k2 kpyrs---.k,} €S then ¢, =0,
# 0. Moreover, by choice of m, ,¢, = 0 for m+ 1 <i < n.If k is an integer such
that kK > k° then we may choose 6 = {k;}7_,in S such thatk, = k2 for 1 <i < m
andk, ., =k+i—lforl<i<n-mForl<j<nsety=uwy +- - +y.
By Lemma 2.5 we have

0 =it =oPmSk,, To¥m =oPmlk +o¥m oPm
€A[{r0 <i< p,0<,< u,,,},{,,...,{km],
and
o¥m € A[{yijlo <i<p,0<j< li,n+|}, Sopvv e ,fk—l]

with total degree one in the y; and total degree not greater than p, in the §,.

For each i > 0, b, € A[[X, {gx}rer]] S0 we can write b, = =2y, X/*V =
h(X, {@}rer)- For 1 <s <n and 0<j < p, we wish to further describe ;.
Suppose that g, = 232, By X" for each A € I'. If i > max({1,, k,} then, since g,
dominates f, we have vy, > Z_, v, > Ej,, A7 P R Pl PR

p > (ky — D1+ Z552v) + p > N+ since by choice k, > N. Therefore, in
computing the coefficients y; of X/*¥ for 0 < j < p,, we can replace g, with
Dy, p = Skl BuX™. But gy € & so for i > 1, we have ), € AlSy, - -5 8)
therefore, vy € ALy, ..., 8 ] for 0 <j < p. But this implies that ¢, €
ASy, ..., 4 1 and o4, €A[S, ..., §_,]. For 0 <j < p, we now determine an
upper bound on the degree of y; as a polynomial in the § In b, = 37,y X JHN =

h(X, {@\)rer) suppose we consider a monomial gy - g If gy, € &, a, then
o(qy) > n; so (gt g 2 2%_, m;m;. Clearly then, only those monomials
such that =7_, m;m, < p, + N can contribute to y; for 0 </ < p,. Since the
coefficients of g have total degree #; in the §;, the coefficients of the monomial

g\ - - - gy have total degree 0.1 mm; < p, + N in the ;. Consequently, y; has
total degree at most p, + N in §,. .., § _y SO ., has total degree at most
Py + psr + N <2p, + Nin §, ..., 8. Sincek,=k+n—-—m—-1<k+n

we have v, > (k + n)(1 + S~ 1p) > N + 235277y, > N + 2, If we take
d =,¢,, and k, = k,, the proof of Corollary 2.7 is complete.
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Let {£)22, be a subset of B, let {»;|i > 1,/ > i} and {v,}{%, denote the sets of
positive integers as described precedmg the statement of Theorem 2.1, and let
F = {f};2, be the subset of B[[X]] defined by f, = 272, §X". By assumption
there exists a nonzero power series G(Y) in A[[X]][Y_]] such that G(¥) = 0. By
Corollary 2.3 there exist integers m > 0 and ¢ > 1 and a nonzero element H(Y) in
A[[X, {f"]j=m and i >t or p > 1 and j > m)]J[Y]] such that H(f*") =0
Further, if p > 1 then H(Y) is a polynomial with degree less than p. Define
f=/f" =32, {X"% where §;, = ¢ and P, Then i =p™, >t and for
k>t ve=pTv, >pTr >p'"k(l + 3 ,,, u,j)>k(1 +3 j_, v). If j > m, with j
=m+ r, then set f¥' = g_= 3% _¢PX?" % In terms of the notation preceding
Corollary 2.7 we have g, € &,.. If r =0 then j=m and s >t so p™y,; =
PTEh o1 Ve_ia > Sho, P = Zh., v, and hence g,, dominates f for s > r. If
r>0then j>mand p>1s0p7; >2v;>v,+i(l+ 2\ 500 >, +

o Sz vsa. But if 8 > 1 then vy = 3§ _5_, 75y, so if 1 <p<i the last
expression of the previous sentence equals »,, + 2., 24} v, > 2,‘_,, vp,\ In
particular, if i/ > ¢ then, with p = ¢, we get thatp"'*’ > P, U Nt Uae
Hence, g, dominates f when r > 0. By Corollary 2.7 there exist 1ntegers n and k,
and a nonzero element d in A[§,, . . ., 5“,(0] such that for k > kg, d, is a polynomial
in A[{,, ..., $_,] with total degree not more than »,,, in {,,...,{_,. But
Vean =P™ion < P™snkon =P ™ks+n and §; = £ so we have proved the fol-
lowing.

(2.8) For each subset {§}72, of B there exist integers n 3 1, ko > 1, and m > 0

and a nonzero element d in A[£F”, ..., §,f:] such that for k > ko d&f" is a
polynomial in A[EP”, ..., &) with total degree not more than p™y,., in
o "
b L E

Recall that 4 C D C J, J = D[B], D and J have quotient fields K and L,
respectively, and K|, is the maximal, separable extension of K in L.

(2.9) L is algebraic over K, L/ K, is purely inseparable with finite exponent, and
[Ky: K] is finite.

Proor. To show that L/ K is algebraic, it suffices to show that J is algebraic over
D. But since / = D[B] and A C D, it suffices to show that B is algebraic over 4.
Thus, let { € B and, with {y;};2, as defined in the remarks preceding the
statement of Theorem 2.1, let §, = ¢ i for each integer k > 1. By (2.8) there exist

integers n > 1, k, > 1, m > 0 and a nonzero element d in A[¢/ ., £" ] such
that, for k > ko, d¢f” is a polynomial in A[£77, . . £k 1] with total degree not
more than p™y,,, in &7, ..., & . Since &7, = gp”‘m -2 it follows that d§f” =

d¢P™% has total degree at most p>™y,,, vk~ in ¢ and if we choose k >
max{n, p™} then yy = vy 2 Vizk > Kiynisn = KYisn > P™isn Thus,
P Yk n Y5 <P ™o ¥X ' = p™%. Since d is a nonzero polynomial in ¢ it
follows that { is algebraic over A4.

We now show the existence of a finite extension K, of K such that K, C L and
L/K, is purely inseparable with finite exponent. If m > 0 is an integer then
L?" C K, if and only if J?” C K, and since J = D[B], JP" C K, if and only if
B C K 1- Thus, if the desired extension K, does not exist we can choose a subset
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{&}72, of B such that ¢f" is not in the quotient field of D[{,, ..., &_,]. But by
(2.8) there exist integers n > 1, k, > 1, and m > 0 and a nonzero element d in
A[E", ..., &) such that, for k > ko, d§f” is a polynomial in A[§{", ..., &7,] C
D[¢,, ..., & _,] In particular, 5”"' is in the quotient field of D[, ..., § _,] for

k > max{m, k,} contrary to the choice of the set {§};2,, so we conclude that the
desired extension K, of K exists. Let K, be the maximal separable extension of K in
K,. Then [K: K] is finite and since [K, : K{] is finite, K,/ K, has finite exponent. It
follows that L/ K, is purely inseparable with finite exponent and hence K| is the
maximal separable extension of K in L. This completes the proof of (2.9).

Now let D, be any integral domain with quotient field K, containing K, and
such that D C D, C J. Then L/ K, is purely inseparable with finite exponent m so
BP" C JP" C K. Let {£}%., be a subset of B and choose integers n > 1, k, > 1,
m, > 0 and a nonzero element d, in A[&{™, ..., §£ '] as in (2.8) so that d,£™ is a
polynomial in A[£7™, ..., &7\1 C D[&™, ..., ¢7\] with total degree not more
than p™v, ., in the £™. If m; <m then (d,&f™'Y" ™ = d¢" ™'¢" is a polynomial
in D[¢77, ..., &7 ] with total degree not more than p™y, , , in the £7”, so we may
assume that m; > m. Thus, LP™ C K, and, in particular, d; € K,. There exists a
nonzero element d, € D, such that d,d, € Dy and d,d\£#™" € D, for 1 <i < k,. It
follows that d,d\&f™ € D[¢r™, ..., ¢f”] for each k > 1. Since D, is algebraic
over D, d,d\Dyn D # (0). If d is any nonzero element of d,d,Dy, N D then d
meets the requirements stated in Theorem 2.1. This completes the proof of
Theorem 2.1.

COROLLARY 2.10. Let Dy, be as in Theorem 2.1 and for each positive integer k let hy,
denote the polynomial 1 + x + - - - +x*~'. For each subset {£}%, of B there
exists a nonzero element d in D and nonnegative integers m and n such that
dm(P™snEP™ € Dy for each k.

PrOOF. Applying Theorem 2.1 we get nonnegative integers m and n and a
nonzero element d in D such that d£?” is a polynomial in Do[¢]", . . ., 7] with
degree at most p™, ., in the £. In particular, d§¢” = d"*"™"+ ¢2" € Dy, Suppose
we have shown that g% %+"¢P™ € Dy for 1 <t <k — 1. Since hy_ (P ™k 145)
> h(p™,,,) for 1 <t <k — 1 we have d%-?"n-1.0¢P” € Dy It follows that
[dh- P -1 P " eend £P7 € Dy Since Yy, > Ye—1+n W€ have h(p™y.,) >
P ™ Yinhe (PE 04 0) + 1,50 dhPTve " € Do,

COROLLARY 2.11. If Dy is as in Theorem 2.1 then for each subset {§;};2., of B there
exists a nonzero element d in D and a sequence {n;}?2, of positive integers such that
(d&)™ € Dy for each i.

ProOF. Applying Corollary 2.10 to the set {£x(P" 10} we get nonnegative
integers m and n and a nonzero element d, in D such that dj® s Dgp ™ 20 €
D, for each k. In particular, if kK > max{m, n} then (d,§ )”""'*(P v € D,. If d, is
any nonzero element of D such that d,¢?™#"") € D, for 1 < t < max{m, n} then
Corollary 2.11 follows with d = d,d, and n, = p"h(p*y,)-

In some of our later results we shall wish to choose D, to meet certain
conditions. Our next remark will allow us to do this.
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REMARK 2.12. Let D and J, be integral domains with quotient fields K and K,
respectively, and suppose that K,/ K is a finite separable extension. Then there exists
0 € K, such that K, = K(0) and Dy, = D[0] C J, is an integral extension of D.
Further, if D is integrally closed and D' is the integral closure of D in K, there exists
a nonzero element d in D such that dD’ C D,. (Cf. the proof of Theorem 41.7 in [4].)

3. Domains in which (1)-(5) are equivalent. To show that (1)-(5) of (1.2) are
equivalent for the integral domains 4 and B, where 4 C B, it suffices, in view of
Proposition 3.7, to show that (5) — (1). Our basic approach is to reduce to the case
in which B is an overring of 4 (that is, A and B have the same quotient field) and
apply the results of [1], as restated below, to show that (a) of (1.1) holds. In Lemma
3.4 it becomes necessary to pass to an overring D of A and show that if (e) holds
for A C B then (a) holds for D c J, where J = D[B]. Thus, as in Theorem 2.1,
some of our preliminary results are stated in this more general setting. The
following observation will be useful.

REMARK 3.1. Let A, B, D, and J be integral domains such that A C B C J,
A C D CJandJ = D[B). In order to show that the domains D and J satisfy (1) of
(1.2) [respectively, () of (1.1)] it suffices to show that (1) [respectively, (a)] holds for
each subset {§}72, of B.

Our next several results, (3.2)-(3.6), will facilitate the reduction to the case in
which B is an overring of A. In this case several instances are given in [1] in which
conditions (a)-(d) of (1.1) are equivalent. The proofs given in [1], with slight
alterations (particularly the application of Remark 3.1 and the substitution of
Theorem 2.1, Corollary 2.10, and Corollary 2.11 with Dy = D, respectively, for
Theorem 1.3, Lemma 1.4 and Lemma 1.5 of [1]), actually yield the more general
results stated in Lemmas 3.2 and 3.3 below.

LEMMA 3.2. Let A, B, D, and J be integral domains with quotient field K such that
ACBCJ,AC D CJ,andJ = D[B). One of the following holds:

(i) Condition (e) of (1.1) fails for the domains A and B.

(i) Condition (a) of (1.1) holds for the domains D and J.

(iii) For each countable subset S of nonzero elements of D there exists a subset
(£}, of B such that if d, m, n are as in Theorem 2.1 (with Dy = D) then d divides
no element of S.

Proor. Cf. Proposition 2.3 of [1, p. 186].

LEMMA 3.3. With notation as in Lemma 3.2, in each of the following cases if (€) of
(1.1) holds for the domains A and B then (a) of (1.1) holds for the domains D and J.

(1) D is root closed in J. In this case we can take m = 0 in (a) (cf. [1, Theorem
1.6]).

(2) The quotient field K of D is countably generated over D (cf. [1, Theorem 2.4]).

(3) D is Noetherian (cf. [1, Theorem 2.5]).

LEMMA 3.4. Let A be an integral domain with quotient field K. If A has Krull
dimension one then (a)—(e) of (1.1) are equivalent for each overring B of A.
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PROOF. Suppose that (e) holds and let {£;};2, be a subset of B. By Corollary 2.10
(with 4 = D = D,) there exist a nonzero element 4 in 4, an integer m > 0, and
positive integers {n,}%, such that d"¢#” € A for each i. Let {M,},, be the set of
maximal ideals of A such that {£/7}%, g Ay, - If no such maximal ideals exist
then {£7}:2, C 4 and (a) holds. If { My}, is the set of maximal ideals of 4 that
contain d then {Mg}ger D {M,},cp- In partiuclar, if M & (Mg} then
{£7)2, C Ay Set S = A\ U g Mg and let D = Ag. If M is a maximal ideal
of A suchthat M & (Mg} then A = M + dA so there existm € M anda € 4
such that 1 = m + ad. Thus, m =1 — ad € M N S and MD = D. It follows that
{MpD}gcr is the set of maximal ideals of D. But d € N gor MpD and D has
Krull dimension one, so K = D[1/d]. By Lemma 3.3(2), (a) of (1.1) holds for the
domains D and J = D[B]. In particular, there exist a nonzero element 4, in D and
a nonnegative integer n such that {d¢”"} C D. If d,€dD N A and k >
max{m, n} then {d,£”"} C 4 so (a) holds for the domains 4 and B.

REMARK 3.5. Let D C D, C J, C J be integral domains such that J, is an overring
of D, with quotient field containing K. If one of the conditions (1)—(5) of (1.2) holds
for the domains D and J then the analogous condition from (a)-(e) of (1.1) holds for
the domains D, and J,. Further, we can take d in D* in (a) and in (b) we can write
(DX pr = (Dy{[X ).

ProOF. We show that (2) — (b), the other implications being obvious. Thus, let
Dy = D[] be as in (2). Then (J,[[X])*" C (Del[X1Dp+ C (D4[ONIX1D,.- But 8 is
in the quotient field of D, and is integral over D,. Since D, is algebraic over D
there exists d € D such that dD|[8] C D,. It follows that (J,[[X]])"" C (DX pe-

LEMMA 3.6. Let D and J be integral domains such that D C J and (5) of (1.2) holds
and let D, = D[0] be an integral extension of D with quotient field K, Set
Jo=J N K, and let D be the integral closure of D in Jo. The domains D and J
satisfy (1) of (1.2) if and only if the domains D, and D satisfy (a) of (1.1).

PROOF. Suppose that D, C D satisfies (a) of (1.1) and let {&3}2., be a subset of J.
By Theorem 2.1, L has finite exponent over K, so there exists a positive integer n
such that J?" C K. If we set {; = £”” for each i then {{;}2, C J, and by Corollary
2.11 there exist a nonzero element 4, in D and a sequence {n;}i=, of positive
integers such that (d,{)* € D, C D for each i. Thus, {d,{;}%, is a subset of D.
Since (a) holds for D, C D there exist a nonnegative integer m and a nonzero
element d, in D such that dy(d,$,"" € D, for each i. If d = d,d?” then d&7™"" €
D, for each i. Now let D, be an integral domain such that D C D, C J and D, has
quotient field containing K,. Then d¢?""" € D, = D[8] C D[] for each i and, as
in the proof of Remark 3.5, there exists a nonzero element d; in D such that
d,D\[0] C D,. Thus, d;d¢?™"" € D, for each i and (1) holds for D and J. The

converse is given in Remark 3.5.

ProrosiTiON 3.7. The following implications hold between conditions (1)-(5) of
(1.2).
(1) =@)->03)—>@-(5).
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ProoF. The implications (3) — (4) — (5) are evident and that (1) — (2) follows
from Remark 2.12 and an adaptation of the proof of Proposition 2.1 of [1].

To show that (2) — (1) let D, = D[] be as in (2) and let D be as in Lemma 3.6.
By Remark 3.5 the domains D, and D satisfy (b) of (1.1). But (b) —(a) [1,
Proposition 2.1] so by Lemma 3.6 the domains D and J satisfy (1).

To see that (2) — (3) let D, = D[@] be as in (2). By [3, Lemma 2.5] Dy[[X]] is
integral over D[[X]] and, clearly, J[[X]] is algebraic over Dy[X]]. Thus, J[[X]] is
algebraic over D([[ X ]].

Let K and L be fields with K C L. In [3] Gilmer has determined necessary and
sufficient conditions in order that L[[X,, ..., X,]] be integral over
K[[X,, . - -, X,]]: The main results of [3] are essentially summarized in [3, Corollary
4.2] and may be restated as follows.

(3.8) L[[X,, ..., X,]] is integral over K[[X,, ..., X,]| if and only if L has finite
exponent over K, and [K,: K] is finite, where K, is the maximal separable extension
of Kin L.

Our next result, Theorem 3.9, shows that (1)-(5) of (1.2) are equivalent for
Noetherian domains and extends (3.8) to Noetherian domains.

THEOREM 3.9. If D is a Noetherian integral domain and J is an integral domain
containing D then each of the following statements is equivalent to (1)—(5) of (1.2).

(i) There exists a nonnegative integer m and a finite integral extension D, of D such
that D C D, C J, D, has quotient field K, and JP" C D,.

(i) If Y, = {;}ica is any set of analytic indeterminates over D then J[[Y,]] is
integral over D[[Y,]].

(i) J[[X]] is integral over D[[X]].

PROOF. (i) — (ii). If J?” C D, then clearly J[[Y,]] is integral over D,[[Y,]]. But
D, is a finite D-module so D|[[Y,]] is a finite D[[ Y,]]-module (cf. [3, Lemma 2.5]).
In particular, D,[[Y,]] is integral over D[[Y,]] and, hence, J[[Y,]] is integral over
D[ YL

That (ii) — (iii) is clear and (ii1) — (3) —» (4) — (5).

(5) - (1). By Theorem 2.1 and Remark 2.12 there exists an integral extension
D, = D[0] of D with quotient field K, such that D C D, C J. With notation as in
Lemma 3.6, the domains D, and D satisfy (e) of (1.1). But D, is Noetherian so by
Lemma 3.3, D, and D satisfy (a) of (1.1). It follows from Lemma 3.6 that the
domains D and J satisfy (1) of (1.2). In particular, it follows from Proposition 3.7
that (1)—(5) are equivalent.

(2) - (i). Let D, and m be as in (2). Thus, D, has quotient field K, and J*” C K,
If we set D, = Dy[J?"] then D C D, C J, D, has quotient field K,, and J*" C D,.
To show that (i) holds it suffices to show that D, is finitely generated as a
D-module. Thus, let {A,}72, be a subset of D, and let M be the D-module
generated by {A;};2,. By (2) there exists a nonzero element d in D such that
{d\}2, C D,. Thus, dM is a submodule of the Noetherian D-module D, and,
hence, dM is finitely generated. It follows that M, and therefore D, is finitely
generated as a D-module.
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THEOREM 3.10. If D is an integrally closed integral domain then (1)—(5) of (1.2) are
equivalent.

PROOF. Let J be an integral domain that contains D and suppose that (5) of (1.2)
holds for D and J. It follows from Theorem 2.1 and Remark 2.12 that there exists a
finite integral extension Dy = D[@] of D with quotient field K, such that D C D,
C J. Further, if D’ is the integral closure of D in K|, then, as noted in Remark 2.12,
there exists a nonzero element d in D such that dD’ C D,. If D is the integral
closure of D inJ, = J N K, then D C D'so dD C D,. Therefore the domains D,
and D satisfy (a) of (1.1) and by Lemma 3.6 the domains D and J satisfy (1) of
(1.2).

THEOREM 3.11. If the quotient field K of D is countably generated over D then
(D)—(5) of (1.2) are equivalent.

PRrOOF. Suppose that D C J and that (5) of (1.2) holds. If D, and D are as in the
proof of Theorem 3.10 above then D, and D satisfy (e) of (1.1) by Remark 3.5.
Moreover, since K, = (Dg)ps, K is countably generated over D, By Lemma 3.3,
(a) of (1.1) holds for D, and D so by Lemma 3.6, (1) of (1.2) holds for D and J.

THEOREM 3.12. If D has Krull dimension one then (1)-(5) of (1.2) are equivalent.

Proor. Let J, D, and D be as in the preceding two proofs. Then Dy and D
satisfy (e) of (1.1) and D, has Krull dimension one. The theorem follows from
Lemmas 3.4 and 3.6.

The four previous theorems have established sufficient conditions on D in order
that (1)-(5) of (1.2) be equivalent. Our next theorem, Theorem 3.14, will give
sufficient conditions on J. We first prove the following result.

ProPOSITION 3.13. Let D, D, and J be as in Theorem 2.1. For each subset {{;}72,
of J there exists a nonzero element d in D such thatd € N 2, ¢ "Dl ..., &7

=19

PROOF. Suppose that J?™ C K, and let §, = {#™' for each i. Set ¢, = 8, and for
k> 1lset§ =6 - &, )P Y= where {y,}%, is as in Theorem 2.1. By Theorem
2.1 there exist integers n > 1, m > 0 and a nonzero element 4, in D such that, for
each k > 1, dgf™ = g (&0, ..., &) € DJ¢F", ..., & ] with total degree at

most p™y, ., in &7, ..., &7 . If k > ky = max{m, n} then
A" = A" h)T T

= (éfm s glle)_pkmgk(gfm’ s gl‘:’—"l) € Do[gfﬂm’ SRR gk—’—,”ll]'
Since {87} is contained in the quotient field of Dy and since (D). is the quotient
field of D, there exists a nonzero element d, in D such that d,87" € D, for
1 <i<ky If we set d =4dd, then d € §7D¢7", ..., §7]]1 C
&IDIE, .., 7" for each i

THEOREM 3.14 (CF. [1, THEOREM 1.10)). Let J = (D,)s where D, is a finite integral
extension of D and S is a multiplicative system in D,. Then (1)-(5) of (1.2) are
equivalent to the condition that for each subset {s;}7~, of S there exists a nonzero
element d in D such thatd € N 2, s;D,.
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PRrOOF. Suppose that (5) of (1.2) holds for the domains D and J = (D,)s and let
{s5;}:, be a subset of S. Since, in the notation of Theorem 2.1, L is the quotient
field of D,, the domains D, D,, and J satisfy the hypotheses of Proposition 3.13. If
we take {; = 1/s; it follows from Proposition 3.13 that there exists a nonzero
element d in D such thatd € N 2, s5;D,. To see that this condition implies (1) of
(1.2) let D, be any integral domain such that D C Dy C J and D, has quotient
field containing K, and let {£};2, be a subset of J = (D))s. Choose s; € S so that
5§ € D, and let d be a nonzero element of D such that d € N I, 5;D,. Then
{d&}2., C D,. Suppose that D, = D[A,, ..., A,] where each A, is integral over D.
Since [L : K] is finite by assumption L has finite exponent over K0 Thus, there
exists an integer m > 0 such that {(A?"}"_, C K,. Therefore, {d?"¢/"}®., C D" C
DINP™, ..., N1 C DJA?”, ..., AP"]. But there exists d, € D* such that
d,Do[)\f"', ..., N1 C Dy so if d2 = d,d”" then {d,£F"}%., C D, and (1) holds.

PrOPOSITION 3.15. Let A, B, and C be integral domains with quotient fields F, K,
and L, respectively, such that A C B C C. If conditions (1)—(5) of (1.2) are equivalent
for the domains A and B and for the domains B and C, then they are equivalent for
the domains A and C.

PROOF. Suppose that (5) holds for the domains 4 and C and let F;, be the
maximal, separable extension of F in L. By Theorem 2.1 L is algebraic over F, [ Fy:
F] is finite, and L has finite exponent over F,. To show that (1) holds let 4, be an
integral domain with quotient field containing F, such that 4 C 4, C C and let
{£)72, be a subset of C. Let K, be the maximal separable extension of K in L and
set By = B[A,). Clearly, L is purely inseparable over the quotient field of B, (since
it contains Fy), so K|, is contained in the quotient field of B,. But (5) also holds for
the domains B and C and (1)-(5) of (1.2) are equivalent for these domains, so there
exist a nonzero element b in B and an integer m, > 0 such that {b¢?™'} C B, =
B[ A, for each i. For each i, write b£?™' 21_, b;a; where b; € B and a;; € A, If
F| is the maximal separable extension of F in K then F; = Fy N K, so A, N B has
quotient field containing F,. Since (5) — (1) for the domains 4 and B, there exist a
nonzero element a, in 4 and an integer m, > 0 such that {a,b ™Y CAyN BC
Ao Thus, a\b?™gf™ ™ = Sk a\b2™al™ € A, for each i. If ais any nonzero
element in (a,b”™)B N A and if m = m; + m, then {a¢?"}%, C A4, and (1) holds.

COROLLARY 3.16. Let D and J be integral domains with quotient fields K and L,
respectively, and suppose that D C J. Set T = J N K and suppose that D is root
closed in T or T is a quotient overring of D. Then in each of the following cases
(1)-(5) are equivalent for the domains D and J.

(1) T is Noetherian.

(2) T is integrally closed.

(3) K is countably generated over T.

(4) T has Krull dimension one.

(5) J = (T\)s where T, is a finite integral extension of T and S is a multiplicative
system in T,.
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PrROOF. The result is an immediate consequence of Proposition 3.15, Lemma
3.3(1), and Theorems 3.9, 3.10, 3.11, 3.12, and 3.14.
We conclude by proving the equivalence of stronger versions of conditions

(3)-(5) of (1.2).

THEOREM 3.17. If D and J are integral domains such that D C J then the following
statements are equivalent.

(D JIX,, ..., X,]lis algebraic over D[[X,, . . ., X,]} for each positive integer n.

) JI[X,, . .., X,]] has finite transcendence degree over D[[X,, . . ., X,]] for each
positive integer n.

(3) For each positive integer n, if R is an integral domain such that
Dl[X,,....X,]JC R CJ[[X,...,X,]] then R=D[X,,...,X]lY,]] via a
DI[X,, . .., X,]]-isomorphism.

PrOOF. It suffices to show that (3) — (1). Thus if n is any positive integer and R
is an integral domain such that D[[X,, ..., X, Jl[X,;.]] € R C
JUXy - oy XX\l then R = D[[X,, ..., X, Y]] via a
D[[X,, ..., X,, ]]-isomorphism. By Theorem 2.1, if L, and K, are the quotient
fields of J[[X,, ..., X,]] and D[[X,, ..., X,]], respectively, then L, is algebraic
over K. In particular, J[[ X, . . ., X,]] is algebraic over D[[X|, ..., X,]].
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