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ALGEBRAIC EXTENSIONS OF POWER SERIES RINGS
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JIMMY T. ARNOLD

Abstract. Let D and J be integral domains such that D c J and /[[A-]] is not

algebraic over /)[[Ar]]. Is it necessarily the case that there exists an integral domain

R such that D[[X]] c«£ J[[X]] and R m D[[X]][[{ r,}"0.,]]? While the general

question remains open, the question is answered affirmatively in a number of cases.

For example, if D satisfies any one of the conditions (1) D is Noetherian, (2) D is

integrally closed, (3) the quotient field K of D is countably generated as a ring over

D, or (4) D has Krull dimension one, then an affirmative answer is given. Further,

in the Noetherian case it is shown that J[[X]] is algebraic over ß[[A"]] if and only if

it is integral over OKA"]] and necessary and sufficient conditions are given on D

and J in order that this occur. Finally if, for every positive integer n,

D[[Xl7 . . . , X„]] c R Q J{[X¡, . . . , X„\) implies that R m

D[[X„ ..., Xn}][[{ Y,}?m ,TJ, then it is shown that J[[X¡, ..., X„]] is algebraic over

D[[Xt, . . ., X„]] for every n.

1. Introduction. Throughout this paper D and J denote integral domains (with

identity) having quotient fields K and L, respectively, and such that D C J. If

L = K we say that J is an overring of D. In the case when J = K Gilmer has

shown in [2] that J[[X]] is an overring of D[[X]\ if and only if D " i(«,) + (0) for

each subset {a¡}°°=l of nonzero elements of D. Sheldon has shown in [5] that if a is

a nonzero element of D such that D, = i(a') = (0) and if J = D[\/a], then the

quotient field of ./[[A1]] has infinite transcendence degree over the quotient field of

F>[[A]] (hereafter we will call this the transcendence degree of ./[[A']] over D[[A]]).

Thus, if J = D[l/a] then either /[[A]] is an overring of F>[[A]] or has infinite

transcendence degree over /»[[A]]. Motivated by these results, Arnold and Boyd

asked in [1] whether this is the case for an arbitrary overring J of D. A simple

example is given in [1, Example 1.2] of a domain D with characteristic/» =£ 0 and

an overring J of D such that (./[[A]]y C D[[X]\ but J[[X]\ is not an overring of

F>[[X]]. Thus, if D has characteristic p ^ 0 the appropriate question is whether

either ./[[A']] has infinite transcendence degree over ¿^[[A"]] or there exists a

nonnegative integer m such that (/[[A]]y is contained in the quotient field of

Z)[[A]]. This led, in [1], to the consideration of the equivalence of statements

(a)-(d) below. Statement (e) is included for future reference.

(1.1) In each of the following statements J is an overring of D, D* = D \ (0), andp

is the characteristic of D if D has nonzero characteristic, while p = 1 if D has

characteristic zero.
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(a) For each subset {i¡)fL i of J there exists a nonnegative integer m and an element

din D* such that dif" e Dfor each i.

(b) There exists a nonnegative integer m such that (J[[X]]ym Ç (/^[[A]])^..

(c) J[[X]] is algebraic over D[[X]].

(d)J[[X]\ has finite transcendence degree over D[[X]].

(e) // R is an integral domain such that D[[X]] c R Q J[[X]], then R &

D[[X]][[{ F,-}" ,]] via « D[[X]]-isomorphism.

In general the implications (a) <-» (b) —> (c) —> (d) hold [1, Proposition 2.1] and it

is shown in [1] that conditions (a)-(d) are equivalent if D is Noetherian [1,

Theorem 2.5], if D is root closed [1, Theorem 1.6], if K is countably generated as a

ring over D [1, Theorem 2.4], or if J is a quotient overring of D [1, Theorem 1.10].

Whether (a)-(d) are equivalent in general is an open question. In this paper we

wish to remove the assumption that J is an overring of D and, since clearly

(d) —> (e), we wish to strengthen the basic question asked in [1] to the following. Is

it the case that either /[[A]] is algebraic over /)[[A]] (in some "nice" way) or there

exists an integral domain R such that £>[[A]] c R Q J[[X]] and R s

^[[^]][[{ Y¡}T=\]P To be more specific, we ask whether statements (l)-(5) below

are equivalent.

(1.2) In each of the following statements D* = D \(0), K0 is the maximal,

separable extension of K in L, and p is the characteristic of D if D has nonzero

characteristic while p = I if D has zero characteristic.

(1) L is algebraic over K, [K0: K] is finite, and if D0 is any integral domain such

that D Ç D0 Q J and D0 has quotient field containing K0, then for each subset

{Íi}T=i °f J there exists a nonnegative integer m and a nonzero element d in D such

that dif   €E D0for each positive integer i.

(2) There exists a nonnegative integer m and a finite integral extension D0 = D[9]

of D such that K0 = K(0), D0 has quotient field K0, D0 Ç J, and (J[[X]\ym Q

(Dd[X]])D.. IfK0= K we can take D = D0.

(3) J[[X]] is algebraic over D[[X]].

(4) J[[X]] has finite transcendence degree over D[[X]].

(5) // R is an integral domain such that D[[X]] C R C J[[X]] then R sé

£>[[A]][[{ F,}°i,]] via a D[[X]]-isomorphism.

§2 is devoted primarily to the proof of the key result of this paper, Theorem 2.1,

which gives necessary conditions in order that (5) of (1.2) hold. In §3 it is shown

that (1) <-> (2) -> (3) -^ (4) —> (5) and sufficient conditions are given on D and J in

order that (l)-(5) be equivalent. In particular, (l)-(5) are shown to be equivalent if

D is Noetherian (Theorem 3.9), if D is integrally closed (Theorem 3.10), if the

quotient field K of D is countably generated as a ring over D (Theorem 3.11), if D

has Krull dimension one (Theorem 3.12), or if J is a quotient overring of some

finite integral extension of D (Theorem 3.14). In [3] Gilmer obtains necessary and

sufficient conditions on the fields K and L, with K C L, in order that L[[A]] be

integral over AT[[A]]. Theorem 3.9 shows that if D is Noetherian, then /[[A]] is

algebraic over Z>[[A]] if and only if it is integral over Z>[[A]] and the necessary and

sufficient conditions established by Gilmer in [3] are extended to this case. The

basic question remains open.
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(1.3) Open question. Are conditions (l)-(5) o/(1.2) equivalent"!

We conclude §3 by proving, in Theorem 3.17, that ./[[A,, . . . , AJ] is algebraic

over F>[[A",, . . . , AJ] for every positive integer n if and only if, for every n,

D[[XV . . . , AJ] c R Ç y[[A„ . . . , AJ] implies that

RnD[[xv.,..x.]][[{r,)rmli].

Throughout the paper D* = D \ (0), K0 denotes the maximal, separable exten-

sion of K in L [6, p. 123], and p denotes the characteristic of D if D has nonzero

characteristic while p = 1 if D has characteristic zero. If L/K is algebraic then

L/K0 is purely inseparable and we say that L has finite exponent over K0 if there

exists a nonnegative integer n such that Lp" ç K0 [6, p. 123].

For a commutative ring R, R[[X]] denotes the power series ring over R. If

/ = 2°10 r¡Xi E ^[[A]] then the order of/, denoted o(f), is the smallest integer n

such that r„ i= 0. If / is an indexing set we write Y, (or Y if / is understood) to

denote the set { Y,)ieI of analytic indeterminates over R and /?[[>/]] denotes the

full power series ring in these indeterminates. (In the notation of [4, p. 10], /?[[F|]]

denotes the ring R[[{ Y,)iet]]3.) If A(/) = ©,s/ S,, where each 5, is the additive

semigroup of nonnegative integers, and if tt,\ A(/) —> 5, is the canonical projection,

then for a E A(/) we set Y,a = n{,e/k(a)^0} Y?M and we write/ = 2aeA(/) ra Y" to

denote an arbitrary element of R[[ Y,]]. We are interested only in the case when / is

countable. In this case suppose that D c J and let 'S = {/},e/ be a subset of

A7[[A]] such that {/ E ^\o(f) < k) is finite for each positive integer k. Then the

correspondence Y¡ -»/ determines a unique ö[[A]]-homomorphism <b: F>[[A]][[FJ]

—»./[[A]] and we write /?[[A]][['5r]] to denote the image of <#>. We use w to denote

the set of positive integers. Thus, in (5) of (1.2) we have Z>[[A]][[{ F,}"!,]] =

D[[X]]l[YJ].

2. Main theorem. In §3 we will give several conditions under which (l)-(5) of

(1.2) are equivalent. In view of Proposition 3.7 it will suffice to show that (5) —> (1)

and our first result, Theorem 2.1, is the key result in this direction, for it gives

necessary conditions in order that (5) of (1.2) hold for the domains D c J. For

later convenience we actually state and prove Theorem 2.1 in the more general

setting in which the domains A c B satisfy (5) of (1.2), A Ç D and J = D[B]. In

the statement and proof of Theorem 2.1 {yn}^=i is a sequence of positive integers

defined as follows. First let {vg\i > \,j> i) be a set of positive integers such that

"... > h vhk > k(\ + iJ<kti<j "j,) for k>\, and vik = 2*_,_, v,_XJ for i > 1. For

each k > 1 we set yk = vkk.

Theorem 2.1. Let A and B be integral domains such that A c B and for each

integral domain R such that /1[[A]] C R C ß[[A]] assume that R 9* ̂ [[A]][[ FJ] via

an A[[X]]-isomorphism. Let D and J be integral domains with quotient fields K and

L, respectively, and suppose that A Ç D Ç J and J = D[B\. If K0 is the maximal

separable extension of K in L then L is algebraic over K, L/ K0 is purely inseparable

with finite exponent, and [K0: K] is finite. Further, if DQ is any integral domain with

quotient field containing K0 and such that D C D0 Q J then for each subset {£,} f_, of
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B there exist integers n > 1 and m > 0 and a nonzero element d in D such that for

each k > 1, dig™ is a polynomial in />0[|f"', . . . , ££",] with total degree not more

thanpmyk + ninif,...,if_].

In proving Theorem 2.1 we let {!,}°1, be a subset of B and define a set

^ = {fi)T-i £ ^[{S,}r-i][[*]] such that °Ui) > '■ By assumption the homomor-

phism <f>: /1[[A]][[FJ] -» ^[[A]]^]] defined by <KF,) =/ is not an isomorphism.

Therefore, there exists a nonzero power series G(Y) in ^[[A]][[FJ] such that

GCS) = 0. In GCS) we wish to examine the coefficients of selected powers of A and

thus obtain polynomial equations in the £,. In order to simplify the description of

the desired coefficients we first reduce, via Lemma 2.2 and Corollary 2.3, to the

case in which we have a single element/ E ^[{£,}/li][[^]] ana a nonzero power

series H(Y) in /4,[[F]], where /I, is an appropriate extension of ^[[A]], such that

//(/) = 0.
In order that we may simultaneously consider the casesp = 1 and/? > 1, in our

next result, Lemma 2.2, we consider a situation somewhat more general than that

described above. Namely, for each positive integer /', let 'S, be a countable (perhaps

finite) subset of XB[[X}] indexed by the set A;. Set <S = j £, %A » U ,*, A,.

and for each positive integer k let f(k) = IJ ,*=, % ^w = U "*+i % \k) =

IJ *_, A,, and A(*> = U "A+] A,,. We further assume that {/ E <S\ o(f) < k) is

finite for each positive integer k.

Lemma 2.2. Let Ax be an integral domain such that v4[[A]] Q Ay Q #[[A]] and let

G(Y) = 2aeA(A)«aFa be a nonzero element of AX[[YA]] such that GCS) = 0. Then

there exists an integer t and a nonzero power series H(Y) = S^g^) bßYß in

^[[f'lPiJ] such that H(%) = 0. Further, if p > 1 and vx(a) <p for each X E A

and for each a E A(A) such that aa =¥= 0, then TT\(ß) <p for each X E A, and for

each ß E A(A,) such that bß ^ 0.

Proof. Choose a0 so that o(aa^ = min{o(aa)| a E A(A)}. Since G(?F) = 0 we

have o(a0) = o(-2aeA(A)\(0) aa^")- But °(f) > 1 ror each/ E 'S so it follows that

a0 ¥= 0. Let í be a positive integer such that 77\(a0) = 0 for each X E A(i> and write

G(Y) = 2yeA(A(j))gyF1' E ¿,[[!>]][[r^JI. Let y0 E A(A(i)) be such that wx(Yo) =

77A(a0) for each X E A(j). If we write gyo = 2,,sA(a<'>) dr¡Yr> e. A,[[yA<„]] then d0 = aao

and for r¡ E A(A(s)) each nonzero dv is one of the coefficients aa of G(F). If

gyo(<S^) = 0 then d0 = -2„eA(A<")x(P) 4,(*WF and since o(f) > 1 for/ E ff« this

contradicts that o(dQ) < o(dv) for each nonzero dn. Therefore gyoCSis)) ¥= 0 so if we

set cy = gy('3rW) for each y E A(A(i)) then we obtain a nonzero power series

G,(F) = 2yeA(A(j))cyF1' E ii.UffWfflr^J such that G0(s)) = 0. Clearly, dp > 1
and tT\(a) < p for each À E A and for each a E A(A) such that aa ¥= 0, then

7TA(y) < p for each À E A(J) and for each y E A(A(i)) such that cy # 0.

The existence of G,  allows us to choose a minimal  subset  {/■„..., rr}  of

{1, . . . , s}    for   which    there   exists    a    nonzero    power   series    //,(F) =

S^a^u ... uA,,, Syr in ^.[[^(,)IlyAllu  -uaJ] with //,($,,, ...,%) = 0. Fur-

ther,  we  assume  Ht(Y) is chosen  so that if p > 1   then w\(y) </?  for each

À E A,  u • • • uA, and for each y E A(A(i u • • • UA,/ such that cy ¥= 0. If we
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write //1(F) = 2/3eA(A(i)/I/3y^E^1[[^«, FA/2U...uAJ][[FAi]] then hß * 0 for

some ß E A(A,() and by choice of {r„ . . . ,tr), h$Fv . .., 9J * 0. Thus, if

bß = hßCSh, ..'., %) for each ß E A(A(|) then H(Y) = 2ßSm^ bßYß E

yt,[[?Fw, %2, . . . , f,r]][[yâf]] Q Ai[[(S('i)]][iYx]\ is a nonzero power series such

that //('S, ) = 0. Again it is clear that if/? > 1 then tr^iß) <F ror each A E A, and

for each /? E A(A(i) such that bß ^ 0.

Corollary 2.3. Let <§ = {f}?=l be a subset of XB[[X]] such that o(f) > i for

each i. If there exists a nonzero element G(Y) in ^[[A]][[FJ] such that GCS) = 0

then there exist integers s > 0 and t > 1 and a nonzero element H(Y) in

^[[A, {f['\j = s and i > t orp > 1 andj > s}]][[ Y]] such that H(ff') = 0. Further,

if p > 1 then H(Y) is a polynomial with degree less than p.

Proof. We first consider the case p = 1. Thus, we wish to establish the existence

of an integer / and a nonzero element H(Y) in A[[X, {f,}fL,+ i\][[Y]] such that

//(/) = 0. This is an immediate consequence of Lemma 2.2 with W, = {/} for

each i > 1.

Now assume that p > 1 and suppose the notation is such that 0 = GCS) =

<KG(Y)) where <b: A[[X]][[YJ]^ A[[X]][[$]] is the homomorphism such that

•K Y¡) = fj for each i E co. For each positive integer n we can, by the division

algorithm, write n uniquely in the form n = n0 + nxp + ■ ■ ■ +nkpk where 0 < «,

<p. Thus Y," = Y?°(Yf)n> ■ ■ ■ (Yf")"* and we define a nonzero element G,(F) in

^[[*]]uT„xJ] by replacing Y," in G(Y) with Yft • • • Y$+i. For each positive

integer / set 'Sj, = {ff* }'*Li and, changing the notation established in the

corollary, let S" - \JjZt9j. » <t>v A[[X]][[YaXJ]^A[[X]}[[<S)] is defined by

*i(Y„) = ft" then <b(G) = ^(G,) = G,(^) = 0. Further, if G,(Y) =

2aeA(a)Xa.)«a^wxu then Tx(a) <p for each X E co X co and for each a E A(co X co)

such that aa ¥= 0. By Lemma 2.2 there exists an integer s > 0 and a nonzero power

senes //,(F) - 2,eAM ¿^ in A[[X, {jffc.+MYJl such that //,(<íí+1) = 0
and such that trx(ß) <p for each X E to and each ß E A(co) such that bß ¥^ 0. Set

Ax = A[[X, {f?}?=s+\]l for each positive integer i let 5,.' = {Jf'}, and set f =

U ,"i 9,' = {/p*}^i- By Lemma 2.2 there exists a positive integer t and a nonzero

element //(y) = 2°°=0 e^' in ^i[[{.#'*}?L« + i]][[*1] such that H(ff') = 0 and i <p

if c, t^ 0. This completes the proof of Corollary 2.3.

In our next two results, Lemma 2.5 and Corollary 2.7, we examine the coeffi-

cients of selected powers of A in an expression of the form H(f) = 0. Specifically,

let H(Y) = 2°l0a,.(A)y' be in A}[[Y]] where A[[X]] Ç/I.Ç B[[X]] and where

a,(X) = ^0y,jXJ for each i > 0. Set/ = 2~, £,X*> where {£}» ( is a subset of 5

and where {v¡}fL, is a sequence of positive integers such that vt > t > 1 and

vk > k(\ + 2*r,V,) for k > t. For a positive integer n let /c, < • • • < &„ be a

sequence of integers such that /c, > f and for 1 < / < n set ¡i.,= vk + • • • +vk.

In Lemma 2.5 we consider the coefficient of A^ in //(/).

If g(X) = 2°10 ¿>,AX' and if a is a nonnegative integer then g(a) denotes the

truncation 2"=0 b¡XXi of g. The following observation is easily proved by induction

on k (cf. [1, 3.2]) and will be useful in the proof of Lemma 2.5.
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(2.4) // a and ß are integers with t < a < ß then for each positive integer k we can

write

f\ß) = fU + 8 + kSßX'tflJ + h

where o(h) > vß + va + x, g = 0 // a = ß - 1, o(g) > va+l if a < ß - 1, and g E

D[S„ . .., Sß-JX].
We note that Lemma 2.5 is a slightly altered version of Lemma 3.1 of [1] and our

proof parallels that given in [1].

Lemma 2.5. With notation as above let {&,}"_, be a fixed set of positive integers

such that t < k¡ < • • ■ < kn and set ¡u.„ = vk + • • • + vk . If <j> is the coefficient of

AM" in H(f) then <b determines polynomials {<i>,}"_0 «"«" {"Mz-o' sucn tnat $ ~ $n «"«"

the following conditions hold:

(1) For 0 < m < n, <¡>m + l = <¡>Jkm+¡ + ^m.

(2) For 0 < m < n, <$>m is a polynomial in A[{y¡j\Q < /' < ¡in, 0 < / < um},

£,,•••, Sic ] and is independent of the choice of km+l, . . . , kn.

(3) For 0 < m < n, \pm is a polynomial in A[{y¡j\0 < i < p^, 0 < / < ¡J.m+l),

$„■•-, £k - J which has total degree one in the ytj and total degree not greater than

Hn in the Jj.

(4) <b0 = nlyn0.

Proof. Let <f>sn denote the coefficient of AM" in aj'. If s > n„ then o(f) > ¡in so

<psn = 0. Thus, we assume that 0 < s < fin. Clearly the coefficient of AM" in //(/) is

<$>n = S^Iq <t>s„ so the lemma follows if we prove that each </>in determines polynomi-

als {<t>si}"=0 and {^}jjfj that satisfy conditions (l)-(3) and have the property that

<j>s0 = 0 if s ¥= n while cf>„0 = n\yn0. For the remainder of the proof we are,

therefore, interested only in the coefficient of AMn in ajs. Thus, we fix s and drop it

from the notation <j>si and tyM. The following result will simplify the process of

describing the polynomials {<i>,}"_0 and {i//(}"^¿.

(2.6) For s < n and n — s < m < n and for s > n and 1 < m < n set Pm(X) =

(«J(„ fi'lH* - » + rn)\)r{k-J + m}.    If   m <n    then    Pm+](X) =  Qm(X) +

PmiXyS^X*-*' + Hm(X)  where o(Hm)>lim+x  and Qm(X) has  coefficients  in

^[{ysj}j=6'' &> ■ ■ ■ > £*m+,-i] w'tn total degree one in the ysj and total degree not

greater than ßn in the Ç,.

To  prove  (2.6)  suppose  that  m < n.   By  assumption   we  have  Fm+1(A) =

(*,)<,. ji'iA» - n + m + i)!)/^-;,;m+1]and by <2-4)we can write/^:r+1 =

f(k~J + m+l +g + (s-n + m + l)^+,A^+/(iA-)"+m + h where o(h) > vk^ +

vk + ,, o(g) > vk +1, and g E D[Çr . . . , Çk +1_i][A]. Making this substitution for

/-»+*+> in Pm+l(X) we may write P^(X) = Qm(X) + FJA)^ **-+. +

Hm(X) where Qm(X) = (as)(lím+¡)[(s\/(s -n + m+ l)!)(/^)n+'"+, + g)] and

nm{x) = (    s'  ysM[(^W(^ - n + m)\)£km+X^f(ky'"]

+ (flJ)((w.)[(s!/(i-n + «+ 00*].

Now o(h) > p^+¡ + vkm+x > Vkm^ + 2*i, v,>vkx+--- + v^, = Mm+i and /xm +

1 + v^    > Pm + »Vm+, = Pm+v so o(Hm) > pm+l. Our hypothesis on g implies that
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Qm(X) has coefficients in A[{ysj}fc*0', £,,..., $k _,] with total degree one in the

ysj and total degree s — n + m + \ in the $,. But s — n + m + \ <j</xn and the

proof of (2.6) is complete.

By assumption vk +1 > (kn + 1)[1 + S*i, v¡] > ¡in so in determining the coeffi-

cient of AM" in ajs it suffices to consider (a,), }f^k) = Pn(X); that is, <¡>n is the

coefficient of A*1- in F„(A). If s < n and n — s <m<n or if s>n and 1 < m < n

then let cbm denote the coefficient of X*m in Pm(X). It is an immediate consequence

of (2.6) that <i>m+1 = <>mf* + «/v, where <pmÇk is the coefficient of A'*™*' =

A-A.+,,*„+i in FJAK^aC, and t//m is the coefficient of X*-*> in ßm(A). Thus,

(1) of Lemma 2.5 is satisfied by the polynomials 4>m+), <¡>m, and t//m. If m < n then

Fm(A) is clearly independent of the choice of km+l, . . . , kn and, hence, so is <#>m. It

is straightforward to see that <¡>m E D[{ysj}fz0, £,,..., f¿J so (2) of Lemma 2.5

holds. That (3) holds for the polynomials \¡im is immediate from (2.6).

If í < n we have determined polynomials {<¡>¡}"=„_¡¡ and {^i}"ZJ,-s while for

s > n we have determined polynomials {<>,}"=, and {V/,}7=i that satisfy (l)-(3) of

Lemma 2.5. If s < n and m = n — s then, by assumption, </>OT is the coefficient of

A""- in PJX) = i!(a,)(„J. Thus, we have <#>„_, « sly^. We take *„_,_, = <bn_s,

<í>, = 0 for 0 </'<« — 5 and ^ = 0 for 0 < i < n - î - 1. If s > n then, by

assumption, r>, is the coefficient of A*1' in

Pi(X) = (as)M[(sW(s - n + iy.)AkS + Xl

By (2.4) we can write /(^)n+1 = f(k~"_^ + (s - n + !)£**"*/£-1) + * where o(h)

> 2vk > nv If s > n then o(A"*/f*~-i)) > vk + 1 > i>ft = u, so </>, is the

coefficient of A*1' in (as\^[(s\/(s - n + l)!)/^;"t)']- Thus> we set i//0 = <*>, and

<t>0 = 0 and it is straightforward to see that (3) of Lemma 2.5 holds for \p0.

Finally, if s = n then <£, is the coefficient of AMl in F,(A) = («Oo /*!/(* > =

(«J(/x,)rt![/(*,-i) + f*,*"*'] so we can write <í>i = n\ynJki + ¡p0 where i//0 is the

coefficient of A*1' in (A)(A,)fl!/(*,-i)' In particular, ^0 E ^[{^-Jyio, £,, • • • , ?*,_,]

with total degree one in the ynj and total degree not greater than ju„ in the $,. We set

<b0 = n\yn0 and the proof of Lemma 2.5 is complete.

Let {f,}°l| be a subset of B and for each positive integer n set S„ = (g(A) =

2fi, a,AA'|o(g) > /? and for each i > t, a, E A[$x, . . . , f,] with total degree n in

f„ . . . , S,}. If g = 2", «,**' S S,,, and A = 2£, ß,X* E S„2 we say that h
dominates  g   provided   nt < n2   and   y, > 2)_, X,   for   /' > max{j, /}.   Set   £ =

Corollary 2.7. Let /(A) = 2^°-, f,A"' w/We v, > t > \ and vk > k(l + 2*",1 »-,■)

/or k > t. Assume that G(Y) = 2J10 °¡Y' is a nonzero element of

A[[X, {c/A}Xer]][[y]], where {qx}Xer is « countable subset of & such that each qx

dominates f and such that {qx\o(qx) < k) is finite for each positive integer k. Choose

n such that o(bn) = min{o(D,)}°l, and if A has nonzero characteristic p assume that

we can choose n < p. If G(f) = 0 then there exists a positive integer k0 > t and a

nonzero element d in A\£x, . . . , Çko] such that for k > k0, dÇk is a polynomial in

A[ÇX, . . . , Çk_t] with total degree not more than vk + n in J,.£ft_,.
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Proof. Let A = o(bn) = mm{o(b,)}f_x where, by assumption, n <p if p > 1.

Since b0 = -2£,, bj' and o(f) > 1 we have o(b0) > A. Thus, for each i > 0 we

can write b, = Y.f=0yyXJ+N where ytJ E B and yn0 =t 0. If we set a, = ^/A^ =

2,°L0>'^ and //(y)= G(Y)/XN, then //(y) = £°°=0 «/>" and //(/) = 0. We

apply Lemma 2.5 to //(/).

Let S denote the set of all sequences {kj}"^l (where n is as chosen above) of

positive integers such that max {A, /}<&,<••■ <kn. For o E S we denote by

(o<í>,}"=0 and {^lYi-o the collection of polynomials obtained as in Lemma 2.5 by

considering the coefficient of A*1" in H(f), where ft = vk + • • • +vk. This

coefficient is necessarily zero so for each a E S we have a<¡>„ = 0. Also, for each

o E S, ac/>0 = n\yn0 by (4) of Lemma 2.5. Since n <p if p > \, atj>0 ¥= 0. Therefore

there exists a largest integer m, 0 < m < n, for which there is a sequence t =

{/c,°}"=| in S with T<f>m t^ 0. By (2) of Lemma 2.5, T<f>m is independent of the choice

of *£+i,..., C that is, if a = {*?, ...,C**+.Me? then „<¡>m =T<í»m

v^ 0. Moreover, by choice of m, „<£, = 0 for m + 1 < / < n. If & is an integer such

that k > k%, then we may choose o = {k¡}"=x in S such that k¡ = A:,0 for 1 < / < m

and km + j = k + i — \ for \ < i < n — m. For 1 < / < n set ft, = vk + • • • + vk.

By Lemma 2.5 we have

0 =o"ÍWl  =a<r>mf*m+,  + o'L  =0^1«?*: + o>rym> o$m

ŒA[{yg\0 < / < ft,, 0 < / < ft,}, ?„..., fij,

and

»*»eii[{^|o<i < /t„,o</< ftM.,),fc,.,'-.Sk-i]

with total degree one in the^ and total degree not greater than ft in the Ç,.

For each / > 0, ¿>, E /1[[A, {öx}Xerj] s° we can write b¡ = ^,Jl0y(/XJ+N =

h¡(X, {<7x}Xe=r)- For 1 < s < n and 0 < / < ft we wish to further describe yy.

Suppose that qx = 2f_,x /\AY*' for each X E T. If i > max{fx, ks) then, since qx

dominates/ we have yx, > 2%., vj > 2*'=, v, > vki_x + »-*,+ •• ■ +^ "'»'*,-1 +

jit, > (Â:, - 1)(1 + 2yL,2 fj) + ft > A + ft since by choice kx > A. Therefore, in

computing the coefficients y0 of Xj+N for 0 < / < ft, we can replace qx with

foJto^ i} - 2fc,A /5X,A^. But ^ E S so for i > tx we have ß„ E A[SX, ..., Q;
therefore, yy: E A[ÇX, . . . , ^_,] for 0 < / < ft. But this implies that a<bm E

A[£x, ..., £kJ and a$m £A[ÇV • • •, Ít-J- For 0 < / < ft we now determine an

upper bound on the degree of yy as a polynomial in the £,. In ¿>, = '2.fm.oyiJXJ*N =

h/(X, {c7x}Aer) suppose we consider a monomial q™' ■ ■ ■ qx/- If <7x, G ®«, then

o(qx) > «, so ¿»(o™1 • • • qxr) > 2¿=1 n,w,- Clearly then, only those monomials

such that 2;=1 nimi < ft + A can contribute to yy for 0 </ < ft. Since the

coefficients of qx have total degree n¡ in the £,, the coefficients of the monomial

«a™1 ' ' ' a\' have total degree 2¿=1 n,m, < ft + A in the £,. Consequently,^,-, has

total degree at most ft + N in ?„ ..., ?^_, so „«//„, has total degree at most

J"w + /Wi + A < 2ft, + A in f„ . . . , &_,. Since /c„ = /: + «-w-1</c + /j

we have ^+„ > (* + «)(l + 2*=;_1 v¡) > N + 22^-,""' ", > A + 2ft. If we take

«" =o$m and A:0 = Â:m the proof of Corollary 2.7 is complete.
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Let {£,}°L| be a subset of B, let {vy\i > \,j > /'} and {y,}°l, denote the sets of

positive integers as described preceding the statement of Theorem 2.1, and let

ÇF = {/}f=1 be the subset of B[[X]\ defined by / = 2°°_, %X"K By assumption

there exists a nonzero power series G(Y) in ^4[[A]][[yj] such that GCS) = 0. By

Corollary 2.3 there exist integers m > 0 and t > 1 and a nonzero element H( Y) in

^[[X Wi/ = w and / > / or /> > 1 and j > m}]][[Y]] such that H(fp") = 0.

Further, if p > 1 then //(F) is a polynomial with degree less than p. Define

f = ff = 2JL, IjX"' where J) = if and 15 = />%. Then p, = /j"1»',, > t and for
k>t,vk- pmv,k >pmPlk >pmk(\ + ^%ly) > k(\ + 2*1,' vj). Uj > m, with/

= m + r, then set ff = gsr = 2°!^ %f'X,m 'f*. In terms of the notation preceding

Corollary 2.7 we have gsr E &pr. If r = 0 then / » m and í > / so /?"VJ(. =

pm2.'x=s_l fs^xx > 2X=,/?"V,X = 2X = , j\ and hence gj0 dominates / for 5 > t. If

r > 0 then / > m and p > 1 so p'i^ > 2rw > *»,,, + i(l + 2x<lS<x j-sx) > vXi +

2'á='i 2l=¿ psx. But if 8 > 1 then vSi = 2US_, #_M so if 1 < p < / the last

expression of the previous sentence equals vpi + 2'8"lp 2X~'S vsx > 2x=p vpX. In

particular, if i >J then, with p = t, we get thatpm+r vsi >/?m2x_, i»,x = 2X_, vx.

Hence, gsr dominates / when r > 0. By Corollary 2.7 there exist integers n and k0

and a nonzero element d in /4[f,, . . . , Çk ] such that for k > k0, dÇk is a polynomial

in A[ÇX, . . . , Çk_x] with total degree not more than vk + n in £,, . . . , £¿_,. But

"* + „  = Pm",,k + n   < Pm"k + n.k + n  = P^kfn   aTld ?/  = #"" SO We  haVe  PrOVed  ^  fol-

lowing.

(2.8) For each subset {Íj}fLx of B there exist integers n > 1, k0 > 1, a«c/ m > 0

a«c/ a  nonzero  element  d in  A[ipm, . . . , ik ] such  that for k > kç,  diP    is  a

polynomial   in   A[if ",..., Íklx]   with   total  degree   not   more   than  pmyk+n   in
tpm tpm

?I    > • • • > Sfc-i-

Recall that A C D <Z J, J = D[B], D and J have quotient fields K and L,

respectively, and K0 is the maximal, separable extension of K in L.

(2.9) L is algebraic over K, L/K0 is purely inseparable with finite exponent, and

[K0: K] is finite.

Proof. To show that L/ K is algebraic, it suffices to show that J is algebraic over

D. But since J = D[B] and A Q D, it suffices to show that B is algebraic over A.

Thus, let f E B and, with {y¡}fL\ as defined in the remarks preceding the

statement of Theorem 2.1, let ik = Plk for each integer k > 1. By (2.8) there exist

integers n > 1, k0 > 1, m > 0 and a nonzero element d in A[if , . . . , i£ ] such

that, for k > k0, dig" is a polynomial in A\if, . . . , i£lx] with total degree not

more than pmyk + n in if, .. .,if_v Since if_x = ?'^»"Jj it follows that ¿#" =

dÇpmyik has total degree at most p2myk + ny2k\ m ? and if we choose /c >

max{n,jPm} then yM = v2k2k > vX2k > kvk + nk + n = kyk+n >pmyk + n. Thus,

Plm1k + n~1ik-2 <Pmy2kyik~i = Pmyik- Since d is a nonzero polynomial in f it

follows that f is algebraic over A.

We now show the existence of a finite extension Kx of AT such that Kx C L and

L/Kx is purely inseparable with finite exponent. If m > 0 is an integer then

L"" ç Kx if and only if J"m Q Kx and since J = D[B], Jpm C Kx if and only if

Bpm Ç AT,. Thus, if the desired extension Kx does not exist we can choose a subset
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{£•}," i of B such that £f is not in the quotient field of D[ix, . . . , ik_x]. But by

(2.8) there exist integers n > 1, k0 > 1, and m > 0 and a nonzero element d in

/l[£f", . . . , |£"] such that, for k > k0, dif is a polynomial in A[if, .. ., #",] Q

D[ix, . . . , 4_J. In particular, ££" is in the quotient field of D[ix, . . . , ik_x] for

/c > max{m, /c0} contrary to the choice of the set {£,}?!,, so we conclude that the

desired extension A", of K exists. Let K0 be the maximal separable extension of K in

AT,. Then [AT0: K) is finite and since [AT, : AT0] is finite, Kx/K0 has finite exponent. It

follows that L/ K0 is purely inseparable with finite exponent and hence A^ is the

maximal separable extension of K in L. This completes the proof of (2.9).

Now let D0 be any integral domain with quotient field AT, containing K0 and

such that D Q D0 Q J. Then L/Kx is purely inseparable with finite exponent m so

Bp" c Jp" Ç Kx. Let {!,-}", be a subset of B and choose integers n > \, k0> I,

w, > 0 and a nonzero element dx in A[if\ . . . , Df"1] as in (2.8) so that dxif is a

polynomial in A[if, . . . , if\] C D[if, . . . , ifx] with total degree not more

ihanpm'yk + n in the if"'. If m, < m then (d$"Y ' = df""'if is a polynomial

in D[£f, ...,ifx] with total degree not more thanpmyk+n in the if", so we may

assume that mx > m. Thus, Lpm' C Kx and, in particular, dx E AT,. There exists a

nonzero element </2 E D0 such that ^c/, E D0 and d2dxifm' E Z)0 for 1 < /' < k0. It

follows that d2dxifx E Z>0[£, "\ . . . , §£',] for each k > 1. Since O0 is algebraic

over D, d2dxD0 n D =£ (0). If d is any nonzero element of d2dxD0 n £> then d

meets the requirements stated in Theorem 2.1. This completes the proof of

Theorem 2.1.

Corollary 2.10. Let D0 be as in Theorem 2.1 and for each positive integer k let hk

denote the polynomial 1 + x + ■ ■ ■ +xk~x. For each subset {£,}°li of B there

exists a nonzero element d in D and nonnegative integers m and n such that

¿Mp"W .)£/>" <= £>0for each k.

Proof. Applying Theorem 2.1 we get nonnegative integers m and n and a

nonzero element d in D such that dif is a polynomial in D^ip", . . . , if x] with

degree at most^my<: + n in the £,. In particular, dif = dhAp"'^+")if E £>„. Suppose

we have shown that dh¿p"y-+")Íp'" E D0 for 1 < f < k - 1. Since /i*_,(pmy*_1 + „)

> h,(Pmy, + n) for 1 < / < A: - 1 we have rf'k-'ü»"*-!*.)^" e £>Q. It follows that

[¿^-KíVuY's^g^, Since YÄ+„ > Y*-i+« we have h^p^^) >

Pmyk + nhk-ÁPkm-i + n) + L so rfW"*">#" E ¿V

Corollary 2.11. //D0 is ai /'« Theorem 2.1 then for each subset {i¡}T-t of B there

exists a nonzero element d in D and a sequence {ni}f_x of positive integers such that

(diY' E D0 for each i.

Proof. Applying Corollary 2.10 to the set {^khkip Y")}"=i we get nonnegative

integers m and n and a nonzero element dx in D such that dxt{pmyk*")Í^mhk(pk''u) E

D0 for each k. In particular, if k > max{/n, n) then (dxik)p"'hk(pk''^) E D0. If d2 is

any nonzero element of D such that d2ip"'h'ip'y2,} E £>0 for 1 < / < max{ w, «} then

Corollary 2.11 follows with d = dxd2 and «* = pmhk(pky2k).

In some of our later results we shall wish to choose D0 to meet certain

conditions. Our next remark will allow us to do this.
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Remark 2.12. Let D and J0 be integral domains with quotient fields K and Kq,

respectively, and suppose that K0/K is a finite separable extension. Then there exists

9 E K0 such that K0 = K(0) and D0 = D[0] Q J0 is an integral extension of D.

Further, if D is integrally closed and D ' is the integral closure of D in K0, there exists

a nonzero element d in D such that dD' Ç F>0. (Cf. the proof of Theorem 41.7 in [4].)

3. Domains in which (l)-(5) are equivalent. To show that (l)-(5) of (1.2) are

equivalent for the integral domains A and B, where A c B, it suffices, in view of

Proposition 3.7, to show that (5) -»(1). Our basic approach is to reduce to the case

in which B is an overring of A (that is, A and B have the same quotient field) and

apply the results of [1], as restated below, to show that (a) of (1.1) holds. In Lemma

3.4 it becomes necessary to pass to an overring D of A and show that if (e) holds

for A c B then (a) holds for D c J, where J = D[B]. Thus, as in Theorem 2.1,

some of our preliminary results are stated in this more general setting. The

following observation will be useful.

Remark 3.1. Let A, B, D, and J be integral domains such that A c B C J,

A ç D C J and J = D[B]. In order to show that the domains D and J satisfy (I) of

(1.2) [respectively, (a) o/ (1.1)] it suffices to show that (1) [respectively, (a)] holds for

each subset {£,}°i, of B.

Our next several results, (3.2)-(3.6), will facilitate the reduction to the case in

which B is an overring of A. In this case several instances are given in [1] in which

conditions (a)-(d) of (1.1) are equivalent. The proofs given in [1], with slight

alterations (particularly the application of Remark 3.1 and the substitution of

Theorem 2.1, Corollary 2.10, and Corollary 2.11 with D0 = D, respectively, for

Theorem 1.3, Lemma 1.4 and Lemma 1.5 of [1]), actually yield the more general

results stated in Lemmas 3.2 and 3.3 below.

Lemma 3.2. Let A, B, D, and J be integral domains with quotient field K such that

A c B QJ,A C D QJ,andJ = D[B]. One of the following holds:
(i) Condition (e) of (I.I) fails for the domains A and B.

(ii) Condition (a) o/(l.l) holds for the domains D and J.

(iii) For each countable subset S of nonzero elements of D there exists a subset

{ij}f=x of B such that if d, m, n are as in Theorem 2.1 (with D0= D) then d divides

no element of S.

Proof. Cf. Proposition 2.3 of [1, p. 186].

Lemma 3.3. With notation as in Lemma 3.2, in each of the following cases if (e) of

(1.1) holds for the domains A and B then (a) o/(l.l) holds for the domains D and J.

(1) D is root closed in J. In this case we can take m = 0 in (a) (cf. [1, Theorem

1.6]).

(2) The quotient field K of D is countably generated over D (cf. [1, Theorem 2.4]).

(3) D is Noetherian (cf. [1, Theorem 2.5]).

Lemma 3.4. Let A be an integral domain with quotient field K. If A has Krull

dimension one then (a)-(e) of (\.\) are equivalent for each overring B of A.
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Proof. Suppose that (e) holds and let {£,}°1, be a subset of B. By Corollary 2.10

(with A = D = D0) there exist a nonzero element din A, an integer m > 0, and

positive integers {«,-}Jl, such that fl"I'£/'"' E /I for each i. Let {Ma}aSA be the set of

maximal ideals of A such that {Í¡'m}'?Li ¡Z ^w • 'r no such maximal ideals exist

then {i,pm}°°=l Q A and (a) holds. If {Mß}ßer is the set of maximal ideals of A that

contain d then {Mß}ß<Er 3 {Afa}a(EA. In partiuclar, if M E {^}^er then

{£/''"}" i Q AM. Set S = A \ U ^Er A^ and let D = As. If M is a maximal ideal

of A such that M E {A/^}ier then /I = M + dA so there exist m El M and a E A

such that 1 = m + ad. Thus, m = \ — ad S. M r\ S and MO = D. It follows that

{A/^ÖJ^p is the set of maximal ideals of D. But d E D /jer A^gF* and D has

Krull dimension one, so K = Z)[I/*/]. By Lemma 3.3(2), (a) of (1.1) holds for the

domains D and J — D[B]. In particular, there exist a nonzero element dx in Z) and

a nonnegative integer n such that {dxif") Q D. If d2 E c/,D n ^ and k >

max{m, n} then {d2if } <Z A so (a) holds for the domains A and 5.

Remark 3.5. Let D C Dx Q Jx Q J be integral domains such that Jx is an overring

of Dx with quotient field containing K0. If one of the conditions (l)-(5) of (1.2) holds

for the domains D and J then the analogous condition from (a)-(e) of (I.I) holds for

the domains /), and /,. Further, we can take d in D* in (a) and in (b) we can write

(DX[[X]])D. = (DX[[X]])D..

Proof. We show that (2) —> (b), the other implications being obvious. Thus, let

D0 = D[9] be as in (2). Then (Jx[[X]]ym Q (D0[[X]])D. Q (DX[9)[[X]])D.. But 9 is

in the quotient field of Dx and is integral over Dx. Since Dx is algebraic over D

there exists d E D such that dDx[9] C Dx. It follows that (Jx[[X]\ym ç (DX[[X]])D..

Lemma 3.6. Let D and J be integral domains such that D Q J and (5) o/(1.2) holds

and let D0 = D[9] be an integral extension of D with quotient field K0. Set

J0 = J n K0 and let D be the integral closure of D in J0. The domains D and J

satisfy (1) of (1.2) if and only if the domains D0 and D satisfy (a) of (1.1).

Proof. Suppose that D0 C D satisfies (a) of (1.1) and let {£,}°li be a subset of J.

By Theorem 2.1, L has finite exponent over KQ so there exists a positive integer n

such that Jp" Q K0. If we set f, = if for each ; then {£¡)T-i Q J0 and by Corollary

2.11 there exist a nonzero element dx in D and a sequence { ai, } °^_ t of positive

integers such that (dxÇi)"< E D0 Q D for each /'. Thus, {dxÇi}°°„x is a subset of D.

Since (a) holds for D0 Q D there exist a nonnegative integer m and a nonzero

element d2 in D such that d2(dx£i)pm G Do Ior each i. If d = d2df then dif*" E

D0 for each ;'. Now let Dx be an integral domain such that D Q Dx Q J and Dx has

quotient field containing K0. Then dif " E D0 = D[9] C Dx[0] for each ; and, as

in the proof of Remark 3.5, there exists a nonzero element d3 in D such that

d3Dx[9] C Dx. Thus, d3di"m*" E Dx for each / and (1) holds for D and J. The

converse is given in Remark 3.5.

Proposition 3.7. The following implications hold between conditions (l)-(5) of

(1.2).

(l)^(2)-*(3)-»(4)M5).
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Proof. The implications (3) —> (4) —>• (5) are evident and that (l)-*(2) follows

from Remark 2.12 and an adaptation of the proof of Proposition 2.1 of [1].

To show that (2) —> (1) let D0 = D[9] be as in (2) and let D be as in Lemma 3.6.

By Remark 3.5 the domains D0 and D satisfy (b) of (1.1). But (b)^(a) [1,

Proposition 2.1] so by Lemma 3.6 the domains D and J satisfy (1).

To see that (2) -* (3) let D0 = D[9] be as in (2). By [3, Lemma 2.5] ¿»„[[A]] is

integral over Z>[[A]] and, clearly, /[[A]] is algebraic over Z?o[[A]]. Thus, /[[A]] is

algebraic over Z)0[[A]].

Let K and L be fields with K Q L. In [3] Gilmer has determined necessary and

sufficient conditions in order that L[[XX, . . . , AJ] be integral over

A"[[A,, . . . , AJ]. The main results of [3] are essentially summarized in [3, Corollary

4.2] and may be restated as follows.

(3.8) L[[A„ . . . , AJ] is integral over A"[[A„ . . . , AJ] if and only if L has finite

exponent over K0 and [K0: K] is finite, where K0 is the maximal separable extension

of Kin L.
Our next result, Theorem 3.9, shows that (l)-(5) of (1.2) are equivalent for

Noetherian domains and extends (3.8) to Noetherian domains.

Theorem 3.9. // D is a Noetherian integral domain and J is an integral domain

containing D then each of the following statements is equivalent to (l)-(5) o/(1.2).

(i) There exists a nonnegative integer m and a finite integral extension Dx of D such

that D <Z Dx Q J, Dx has quotient field K0, andJp" Q />,.

(ii) If YA = {7,},eA is any set of analytic indeterminates over D then ./[[yj] is

integral over D[[ yA]].

(iii) y [[A]] is integral over D[[X]].

Proof. (i)-*(ii). If J"" ç Dx then clearly J[[YA]] is integral over F>,[[yj]. But

Dx is a finite /^-module so Z>i[[yj] is a finite D[[ yA]]-module (cf. [3, Lemma 2.5]).

In particular, Z?,[[yA]] is integral over Z>[[yj] and, hence, /[[yj] is integral over

DHYJ].
That (ii) ■** (iii) is clear and (iii) -+ (3) -» (4) -» (5).

(5)-»(l). By Theorem 2.1 and Remark 2.12 there exists an integral extension

D0 = D[9] of D with quotient field K0 such that D Q D0Q J. With notation as in

Lemma 3.6, the domains D0 and D satisfy (e) of (1.1). But D0 is Noetherian so by

Lemma 3.3, D0 and D satisfy (a) of (1.1). It follows from Lemma 3.6 that the

domains D and J satisfy (1) of (1.2). In particular, it follows from Proposition 3.7

that (l)-(5) are equivalent.

(2) —> (i). Let D0 and m be as in (2). Thus, D0 has quotient field K0 and Jp" C K0.

If we set /), = D0[Jpm] then D <z Dx Qj, Dx has quotient field K0, and J""" Ç Dx.

To show that (i) holds it suffices to show that />, is finitely generated as a

F>-module. Thus, let {A,} ?L, be a subset of Dx and let M be the Z)-module

generated by {À,}°t,. By (2) there exists a nonzero element d in D such that

{dXi}f_x C D0. Thus, dM is a submodule of the Noetherian D-module D0 and,

hence, dM is finitely generated. It follows that M, and therefore Dx, is finitely

generated as a D-module.
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Theorem 3.10. If D is an integrally closed integral domain then (l)-(5) o/(1.2) are

equivalent.

Proof. Let J be an integral domain that contains D and suppose that (5) of (1.2)

holds for D and J. It follows from Theorem 2.1 and Remark 2.12 that there exists a

finite integral extension D0 = D[9] of D with quotient field K0 such that D C D0

C J. Further, if D' is the integral closure of D in K0 then, as noted in Remark 2.12,

there exists a nonzero element d in D such that dD' Q D0. If D is the integral

closure of D in J0 = J n K0, then D Q D' so dD Q D0. Therefore the domains D0

and D satisfy (a) of (1.1) and by Lemma 3.6 the domains D and J satisfy (1) of

(1.2).

Theorem 3.11. If the quotient field K of D is countably generated over D then

(l)-(5) e>/(1.2) are equivalent.

Proof. Suppose that D c J and that (5) of (1.2) holds. If D0 and D are as in the

proof of Theorem 3.10 above then D0 and D satisfy (e) of (1.1) by Remark 3.5.

Moreover, since A"0 = (D0)D„ K0 is countably generated over D0. By Lemma 3.3,

(a) of (1.1) holds for D0 and D so by Lemma 3.6, (1) of (1.2) holds for D and J.

Theorem 3.12. If D has Krull dimension one then (l)-(5) o/(1.2) are equivalent.

Proof. Let J, D0 and D be as in the preceding two proofs. Then D0 and D

satisfy (e) of (1.1) and D0 has Krull dimension one. The theorem follows from

Lemmas 3.4 and 3.6.

The four previous theorems have established sufficient conditions on D in order

that (l)-(5) of (1.2) be equivalent. Our next theorem, Theorem 3.14, will give

sufficient conditions on J. We first prove the following result.

Proposition 3.13. Let D, D0 and J be as in Theorem 2.1. For each subset {Çi}'*Lx

of J there exists a nonzero element d in D such that d E fl,"i £, 'F>0[f,"', . . . , if].

Proof. Suppose that J'"1 Q K0 and let Ô, = ff"1 for each i. Set ix = 8X and for

k > 1 set ik = 8k(ix ■ ■ • ik_xy Y" where {y,}°li is as in Theorem 2.1. By Theorem

2.1 there exist integers n > 1, m > 0 and a nonzero element dx in D such that, for

each k > \, dxif = gk(if, ...,if_x)E. DJ&f, ...,if_xx with total degree at
mosipmyk+n in if, . . . , ifx. If k > k0 = max{w, «} then

Jl8f = dlif(ix---ik_xypk+-<»

= (if" • • ■ cr's"&(s." • • •. &-i) e j>o[éi*". • • •. &**,]•
Since {8fm} is contained in the quotient field of D0 and since (D0)D, is the quotient

field of D0, there exists a nonzero element d2 in D such that d28f E D0 for

1   < i < k0.   If   we    set   d = dxd2   then   d E 8-pmD0[ixpm, . . . , iff] ç

f,-'/)0[f f1, . . . , if1] for each i.

Theorem 3.14 (cf. [1, Theorem 1.10]). Let J = (Dx)s where Dx is a finite integral

extension of D and S is a multiplicative system in Dx. Then (l)-(5) of (1.2) are

equivalent to the condition that for each subset {i,}"!, of S there exists a nonzero

element d in D such that d E D ," i s¡Dx.
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Proof. Suppose that (5) of (1.2) holds for the domains D and J = (Dx)s and let

{si)T-\ he a subset of S. Since, in the notation of Theorem 2.1, L is the quotient

field of Dx, the domains D, Dx, and J satisfy the hypotheses of Proposition 3.13. If

we take f, = \/s¡ it follows from Proposition 3.13 that there exists a nonzero

element d in D such that d E D ,= i s,Dx. To see that this condition implies (1) of

(1.2) let D0 be any integral domain such that D Q D0 Q J and D0 has quotient

field containing K0 and let {¿i,}^ be a subset of J = (Dx)s. Choose s¡ G S so that

s£¡ E Dx and let d be a nonzero element of D such that d E D ,"i siDx. Then

{dii}™=x Q Dx. Suppose that Dx = D[XX, . . . , XJ where each A, is integral over D.

Since [L : K] is finite by assumption, L has finite exponent over A"0. Thus, there

exists an integer m > 0 such that {Xf}ni=x Q K0. Therefore, {dp'"if}f_x Q Df C

D[Xf, . . . , \fm] Q D0[Xf, . . . , Xf]. But there exists dx E D* such that

dxD0[Xf, . . ., \f] ç Z)0 so if d2 = dxd"m then {d2if}°°=x Q D0 and (1) holds.

Proposition 3.15. Let A, B, and C be integral domains with quotient fields F, K,

and L, respectively, such that A c B C C If conditions (l)-(5) o/(1.2) are equivalent

for the domains A and B and for the domains B and C, then they are equivalent for

the domains A and C.

Proof. Suppose that (5) holds for the domains A and C and let F0 be the

maximal, separable extension of Fin L. By Theorem 2.1 L is algebraic over F, [F0:

F] is finite, and L has finite exponent over F0. To show that (1) holds let A 0 be an

integral domain with quotient field containing F0 such that A C A0 C C and let

{ii)T-i he a subset of C. Let K0 be the maximal separable extension of K in L and

set B0 = B[A0]. Clearly, L is purely inseparable over the quotient field of B0 (since

it contains F0), so K0 is contained in the quotient field of B0. But (5) also holds for

the domains B and C and (l)-(5) of (1.2) are equivalent for these domains, so there

exist a nonzero element b in B and an integer mx > 0 such that {bif} Ç. B0 =

B[A0] for each i. For each i, write bif = 2*L, byay where by E B and ay E A0. If

Fx is the maximal separable extension of F in AT then F, = F0 n K, so A0 n B has

quotient field containing F,. Since (5) -^ (1) for the domains A and j3, there exist a

nonzero element a, in A and an integer m2 > 0 such that {aiO,y"2} Ç /40 n fi Ç

^40. Thus, axbp,"2ifm' "2 = 2*'=, axbf2af* S /10 for each i. If a is any nonzero

element in (axbpm2)B n ^ and if m = m, + m2 then {a£/''''}°Li ç A0 and (1) holds.

Corollary 3.16. Let D and J be integral domains with quotient fields K and L,

respectively, and suppose that D C J. Set T = J n A" and suppose that D is root

closed in T or T is a quotient overring of D. Then in each of the following cases

(l)-(5) are equivalent for the domains D and J.

(1) T is Noetherian.

(2) T is integrally closed.

(3) K is countably generated over T.

(4) T has Krull dimension one.

(5) J = (Tx)s where F, is a finite integral extension of T and S is a multiplicative

system in Tx.
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Proof. The result is an immediate consequence of Proposition 3.15, Lemma

3.3(1), and Theorems 3.9, 3.10, 3.11, 3.12, and 3.14.

We conclude by proving the equivalence of stronger versions of conditions

(3)-(5) of (1.2).

Theorem 3.17. If D and J are integral domains such that D c J then the following

statements are equivalent.

(1) J[[XX, . . . , AJ] is algebraic over Z)[[A,, . . . , AJ]/or each positive integer n.

(2) J[[XX, . . . , AJ] has finite transcendence degree over D\[XX, . . . , Xn]]for each

positive integer n.

(3) For each positive integer n, if R is an integral domain such that

D[[XX, . . . , AJ] c R ç J[[XX, ..., AJ] then R * D[[XX, ..., AJ][f FJ] via a

F>[[A|, . . . , AJ]-isomorphism.

Proof. It suffices to show that (3) —* (1). Thus if n is any positive integer and R

is    an    integral    domain    such    that    D[[XX, . . . , AJ][[A„+,]] c  R   ç

J[[XX, . . . , A„]][[A„+1]]    then    R  * D[[XV-Xn+l]][[YJ]    via    a

D[[XX, . . . , An+^-isomorphism. By Theorem 2.1, if L, and A", are the quotient

fields of J[[XX, . . . , AJ] and D[[XX, . . . , AJ], respectively, then Lx is algebraic

over A",. In particular, /[[A,, . . . , AJ] is algebraic over £>[[A,, . . . , AJ].
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